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We identify a class of one-dimensional spin and fermionic lattice models which display diverg-
ing spin and charge diffusion constants, including several paradigmatic models of exactly solvable
strongly correlated many-body dynamics such as the isotropic Heisenberg spin chains, the Fermi-
Hubbard model, and the t-J model at the integrable point. Using the hydrodynamic transport
theory, we derive an analytic lower bound on the spin and charge diffusion constants by calcu-
lating the curvature of the corresponding Drude weights at half filling, and demonstrate that for
certain lattice models with isotropic interactions some of the Noether charges exhibit super-diffusive
transport at finite temperature and half filling.
Introduction. Understanding the microscopic mecha-
nisms for the emergent macroscopic laws in many-body
systems poses a fundamental question in condensed mat-
ter physics. Despite a long tradition, the question has
mostly been pursued by studying certain simple classi-
cal dynamical systems [1], such as elastically colliding
rigid objects [2, 3], whereas much less is known about
strongly-correlated quantum dynamics.
From the theoretical viewpoint, holographic theories
[4, 5] and solvable systems in one dimension play an in-
strumental role in this context thanks to many power-
ful methods which enable explicit analytical calculations.
Exactly solvable models display anomalous transport be-
havior characterized by singular conductivities [6–18]. In
contrast, very little is known about the regular part of
DC conductivities which characterize the sub-ballistic
time scales, save for a few numerical studies typically
suffering from strong finite-size or finite-time effects [19–
24]. Exactly solvable interacting models are naturally
tailored not only to tackle this problem in a rigorous
manner, but moreover permit efficient numerical simula-
tions [22, 25–30] and sometimes allow for experimental
realizations [31–35]. Yet, even in a very simple interact-
ing system, such as the integrable Heisenberg spin-1/2
chain, the status of the spin dynamics on the sub-ballistic
scales remains unresolved despite several recent numer-
ical efforts; depending on the choice of parameters, the
model shows a wide range of transport phenomena, rang-
ing from ideal transport to diffusion and in some cases
even super-diffusion [36–41]. It is thus reasonable to re-
gard the Heisenberg spin-1/2 chain and other integrable
models as exactly solvable representative models for var-
ious universality classes of transport behaviour exhibited
by generic many-body quantum systems.
In this Letter, we report on a class of quantum spin
and electron models which exhibit diverging spin and
charge diffusion constants in thermal equilibrium with
no charge or spin imbalance (i.e. at half-filling), despite
the absence of ideal transport. We build on an earlier
proposal of ref. [42] which relates diffusion constants to
the corresponding Drude weights in the vicinity of half-
filled thermal states. Here we find a reinterpretation of
the diffusion bound and optimize it in the framework of
the hydrodynamic linear transport theory developed in
[43, 44]. We derive an analytic closed-form expression for
the lower bound in the limit of infinite temperatures, and
evaluate it for several paradigmatic interacting quantum
lattice models.
By explicitly calculating the bound on the diffusion
constant, we show that for several models with isotropic
interactions, invariant under a continuous non-abelian
(and possibly graded) Lie group G, that the conserved
Noether charges (e.g. spin or electron charges) belonging
to the SU(2) sector of the model exhibit super-diffusive
behavior in a half-filled state at any finite temperature.
As prototypical examples we will focus on the Heisenberg
spin chain and the Fermi–Hubbard chain.
Summary. The central result of this work is an
analytical lower bound on the spin/charge diffusion
constants for a family of interacting many-body one-
dimensional lattice systems. Let Qˆ =
∑
x qˆx denote a
conserved U(1) charge of the model, with density qˆ satis-
fying a local conservation law ∂tqˆx(t) + ∂xjˆx(t) = 0. The
corresponding diffusion constant is defined via the Kubo
formula
D(q)(β) = lim
T→∞
β
χ(q)(β)
∑
x
∫ T
0
dt
〈
jˆ(q)x (t)jˆ
(q)
0 (0)
〉
, (1)
where 〈•〉 is the expectation value with respect
to the grand-canonical Gibbs ensemble %ˆGC(β) '
exp (−βHˆ +∑i 2hiNˆi) at inverse temperature β, with
Nˆi denoting the globally conserved U(1) charges of the
model including Qˆ, χ(i)(β) = ∂2f(β)/∂h2i denote the
static susceptibilities, and f is the grand-canonical free
energy[45].
We shall avoid a general formulation and rather con-
centrate on two prominent interacting systems which of-
ten play a pivotal role in the studies of strongly corre-
lated one-dimensional materials, the anisotropic Heisen-
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2berg spin chain and the Fermi–Hubbard model. These
exactly solvable systems feature stable interacting parti-
cle excitations which undergo a completely elastic scat-
tering. Consequently, the thermal average of the current
density generally involves a dissipation-free component,
implying a singular DC conductivity characterized by a
finite Drude weight
D(q)(β) = lim
T→∞
β
2T
∑
x
∫ T
0
dt
〈
jˆ(q)x (t)jˆ
(q)
0 (0)
〉
, (2)
which signals ballistic transport. Drude weights can be
efficiently computed within the hydrodynamic approach
developed in [46, 47], essentially exploiting the fact that
the net effect of inter-particle interactions (which are
fully accounted for by a two-body scattering amplitude)
in the thermodynamic limit manifests itself as renormal-
ization of particles’ bare quantities in the presence of
a finite-density many-body background (e.g. a Gibbs
thermal state or Generalized Gibbs states [48–52]), com-
monly referred to as dressing (see e.g [53–57]). Spectra
of solvable models are parametrized in terms of parti-
cle excitations. We label them by a discrete index A
counting over (typically infinitely many) particle types,
and a continuous rapidity variable u encoding their bare
momenta kA(u) and energies eA(u). The dressing of a
bare quantity qA is expressible as a linear transforma-
tion qA 7→ qdrA , while the effective velocities of prop-
agation are obtained from the dressed dispersion rela-
tions, veffA = ∂εA/∂pA = ε
′
A/p
′
A, where p
′
A = (k
′
A)
dr and
εA = (e
′
A)
dr, with prime denoting the rapidity derivative.
In this picture, the hydrodynamic mode decomposition
of the Drude weight reads [44, 57]
D(q)(β) = β
2
∑
A
∫
duDA(u)
[
qdrA (u)
]2
, (3)
where DA(u) = ρA(u)(1 − ϑA(u))[veffA (u)]2 is the ‘Drude
kernel’ and qdrA (u) are the dressed charges of individ-
ual excitations with respect to an equilibrium state (de-
fined in [58]). Dependence on the reference equilibrium
state enters through the rapidity distributions ρA(u),
which are uniquely determined by the mode occupation
(filling) functions ϑA(u) = ρA(u)/[2pi σAp
′
A(u)] (σA =
sgn(k′A(u))).
Lower bound on diffusion. In the half-filled equilib-
rium states, the spin/charge Drude weight vanishes due
to the symmetry reasons despite integrability. To char-
acterize transport on sub-ballistic time-scales we exploit
a useful relation between the diffusion constant and the
curvature of the Drude weight with respect to the filling
parameter, proposed in [42]. Consequentially, the rela-
tion provides a non-vanishing lower bound on diffusion
provided the Drude weight vanishes at most quadratically
as a function of the filling parameter. This condition is
satisfied for the half-filled thermal states in particle-hole
symmetric lattice models considered in this work.
To briefly outline the idea of the lower bound, we
imagine a small gradient of the charge density imposed
across the system and subsequently measure the induced
current. The current (initially localized at the origin)
spreads only over a finite portion of the system in a finite
amount of time due to the Lieb–Robinson causality. This
means that at finite times on the relevant sublattice, the
probability of measuring the current in the sector away
from half-filling is non-zero. In these sectors the current
grows indefinitely with time, however the probability of
the system being away from half-filling vanishes with the
system size. The interplay of vanishing probability and
diverging conductivity permits to obtain a lower bound
on the diffusion constant, reading [42]
D(q)(β) ≥ 1
8βχ2(β)vLR
∂2hD(q)(β, h)
∣∣∣
h=0
, (4)
where vLR = maxu,Av
eff
A (u) is the Lieb-Robinson velocity.
In particular, in the high-temperature limit the bound
becomes
D(q)(0) ≥ lim
β→0
18
β(d2 − 1)2 vLR ∂
2
hD(q)(β, h)
∣∣∣
h=0
, (5)
where we assumed that the local degrees of freedom carry
charge q ∈ {− 12 (d− 1), ..., 12 (d− 1)}.
Solving the dressing equations. The Drude weight and
its curvature can be expressed in terms of dressed quan-
tities (3). Given the full set of equilibrium occupation
functions ϑA, the dressing equations take the form of
coupled linear integral equations, cf. [58]. Functions ϑA
are determined by minimizing the free energy as a func-
tional of the densities ρA. This requires to solve a system
of non-linear integral equations, which is only possible
numerically using an iteration scheme, except in two ex-
treme cases corresponding to either the ground states or
the high-temperature limit. In the latter case, the oc-
cupation functions become momentum-independent and
the dressing transformation becomes an algebraic sys-
tem. For the class of rotationally symmetric solvable
spin and fermion lattice Hamiltonians considered here,
the dressing equations admit an analytic group-theoretic
solution, as explained in detail in [58]. This permits
us to obtain a closed-form expression for the bound (5)
(when it is finite), and rigorously establish the occur-
rence of super-diffusion signalled by a divergent bound.
Importantly, since the divergence is a result of a par-
ticular dependence on the dressed properties of particles
with large bare spin/charge, the main statement about
the super-diffusive dynamics remains valid even at fi-
nite temperatures. We note that in our calculations we
take into account the exact dressed dispersion relations
of interacting excitations, and our results cannot be ac-
cessed with alternative approaches, such as effective field-
theoretical methods [59–62] or semi-classical approxima-
tions [63] which fail to capture the essential contributions
of the bound states.
We subsequently concentrate on the transport of
global U(1) charges, such as the total magnetiza-
tion Sˆz ≡ ∑j Sˆzj , and/or the total electron charge
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FIG. 1. XXZ chain at infinite temperature: the black curve
shows diffusion bound (5), D(m) ≥ 2C(m)(0)/(βvLR), and the
blue points display numerical values of the spin diffusion con-
stant obtained by tDMRG in refs. [21] and [27]. The logarith-
mic divergence close to ∆ = 1 is indicated by the dashed line.
Notice that the bound does not vanish even in the Ising limit
∆ → ∞, in contrast to the dissipative case [64]. Inside the
gapless interval we display ∆ = cospi/` with ` = 3, . . . , 10.
Nˆe ≡ 12
∑
j,σ=↑,↓ cˆ
†
j,σ cˆj,σ. We consider the half-filled
spin/charge sectors, where the Drude weights vanishes
as
D(q)(β, h) = C(q)(β)h
2
2
+ . . . for h ∼ 0, (6)
and evaluate the bound (5). The Drude weight curvature
reads
C(q)(β) = β
2
∑
A
∫
duDA(u) ∂2h
[
qdrA (u)
]2 ∣∣∣
h=0
. (7)
In exactly solvable interacting quantum lattice models
the elementary excitations which carry spin and charge
typically form bound states. Let integer s denote their
‘bare charge’ (or ‘bare mass’), i.e. the number of con-
stituents within a bound state; for instance, in a spin
system, such as the Heisenberg spin chain, s pertains
to the number of bound magnons in multi-magnon ex-
citations, while in an electron system (e.g. the Fermi–
Hubbard model) s can be the number of bound spin-full
electrons which form spin singlet states etc. Moreover,
if the Hamiltonian has a global rotational symmetry of
a (graded) Lie group G = SU(N |M) (with scattering
amplitudes being rational functions of the scattering mo-
menta), the number of distinct bound states is infinite,
i.e. s can be arbitrarily large. We found that, for such
models the Drude weight curvature per particle decreases
as ∼ 1/s for large s, yielding a (logarithmically) diver-
gent diffusion lower bound after summing over all the
particle types.
Anisotropic Heisenberg spin-1/2 chain. The simplest
model which features several distinct transport regimes
is the Heisenberg XXZ spin-1/2 chain,
HˆXXZ =
L∑
j=1
(
Sˆxj Sˆ
x
j+1 + Sˆ
y
j Sˆ
y
j+1 + ∆Sˆ
z
j Sˆ
z
j+1
)
, (8)
with gapless (gapped) spectrum for |∆| ≤ 1 (|∆| > 1).
The interaction anisotropy has a profound influence on
the spin transport, shortly summarized below. The hy-
drodynamic representation of the spin Drude weight cur-
vature reads
C(m)(β) = β
2
∑
s≥1
∫
du
2pi
ϑs(1−ϑs)p′s
[
veffs
]2 ∂2 [mdrs ]2
∂h2
∣∣∣
h=0
,
(9)
where mdrs = ∂2h log(ϑ
−1
s − 1). Our conclusions are:
Exactly at the SU(2) isotropic point ∆ = 1, the finite-
temperature spin diffusion constant D(m) diverges in the
limit of half filling h→ 0. This can be inferred from the
large-s scaling of the dressed spin (magnetization), mode
occupation functions and dressed dispersion relations,
mdrs (h) ' 13 (s+ κ(β))2 h+O(h3), (10)
lim
h→0
ϑs(h) ' (s+ κ(β))−2, (11)
lim
h→0
∫ ∞
−∞
du p′s(u)
[
veffs (u)
]2 ' 1
s3
, (12)
for some (unknown) temperature-dependent function
κ(β). The above large-s asymptotics holds for any fi-
nite value of β. The finite-temperature behaviour (12) is
also confirmed numerically, see Fig.2. In the β → 0 limit
however, relations (10) and (11) indeed become equalities
valid for all values of s ≥ 1, with κ(0) = 1.
In the gapped regime, anisotropy ∆ = cosh η breaks
the SU(2) symmetry of the interaction to U(1). In the
limit of infinite temperature and vanishing chemical po-
tential, the dressed spin and mode occupations functions
of bound magnons remain the same as in the isotropic
case, cf. Eqs. (10),(11). Notice that ϑs and m
dr
s be-
come independent of u for large s. The key difference
now is that the bare dispersion of bound magnons be-
come η-dependent functions. In particular, the rapidity-
dependent part of Eq. (9) scales as∫ pi/2
−pi/2
du
2pi
p′s(u)
[
veffs (u)
]2 ' e−ηs, (13)
i.e. is exponentially suppressed for large bound states.
Contrary to the isotropic case, exponential convergence
in s results in a finite spin diffusion lower bound (5).
The gapless regime |∆| < 1 is rather exceptional, with
a positive finite-temperature spin Drude weight even in
the half-filled sector [9, 15, 43], with a non-continuous
4dependence on ∆. Still, it is interesting to ask whether
the sub-ballistic corrections to spin transport are normal,
diffusive or anomalous sub/super-diffusive. The thermo-
dynamic particle content of the model in this regime is
quite involved (see [65]) and, in distinction to the gapped
regime, changes depending on the value of ∆ [43, 66].
For simplicity we restrict ourselves to discrete points
∆ = cospi/`, for integer ` ≥ 3 (the Drude curvature
at ∆ = 0 is not positive, consistently with the vanish-
ing diffusion constant at the free fermionic point [67]),
where the spectrum consist of ` distinct particle types.
For s = 1, . . . , `− 2, the particles represent bound states
of s magnons whose high-temperature dressed spin is
given by Eq. (10) which therefore vanishes as h → 0.
There is an extra (exceptional) doublet of particles car-
rying finite dressed spins mdrA = `/2 ± κ`h (κ` > 0),
for A = ` − 1, `, charged under the non-unitary local
conservation laws found in [12, 13], which are responsi-
ble for the non-vanishing of spin Drude weight even at
half filling [43]. A finite contribution to the curvature
C(m) is obtained by subtracting a finite Drude weight
D(m) = ∑A=`−1,` ∫ duρA(u)(1−ϑA(u))(veffA (u)`/2)2 and
expanding the remainder to the second order in h. We
find a finite lower bound for all ` <∞ which diverges as
`→∞, namely ∆→ 1−, as shown in Fig. 1. [68]
Fermi–Hubbard model. Another class of models of
particular importance are lattice models of fermions,
the most prominent example being the one-dimensional
Fermi–Hubbard model describing spin-full electrons in-
teracting via Coulomb repulsion,
HˆH = −
L∑
j=1
∑
σ∈↑,↓
cˆ†j,σ cˆj+1,σ + cˆ
†
j+1,σ cˆj,σ + 4u
L∑
j=1
Vˆ Hj ,
(14)
with Vˆ Hj =
∑L
j=1
(
nˆj,↑ − 12 )(nˆj,↓ − 12
)
. The spin and
charge excitations both participate in the formation of
bound states. The particle content consists of individual
spin-up electrons, spin-singlet compounds of 2a electrons
with (a ∈ N) and charge-less bound states of s spin exci-
tations with bare spin (s ∈ N). Although spin and charge
degrees of freedom mutually interact and undergo a non-
trivial dressing, the transport of both spin and charge
are in qualitative agreement with the isotropic Heisen-
berg chain: in the vicinity of the half-filled regime h→ 0
where D(m)(β) vanishes, the dressed spin and thermal
occupation functions scale with s as mdrs (h) ∼ h s2 and
limh→0 ϑs(h) ∼ s−2, respectively, with no dependence on
charge chemical potential µ associated to the conserva-
tion of the number of electrons. An analogous reason-
ing applies for the transport of electron charge, see [58]
for further details. Numerical evaluation shows that the
momentum-dependent part of DA for the spin-carrying
bound states once again scales as in Eq. (11), implying a
(logarithmically in s) diverging spin diffusion bound (5).
Higher spins and higher rank symmetries. We have
additionally solved the dressing equations for a family of
integrable spin-S isotropic Heisenberg chains, and for the
higher-rank SU(N)-symmetric lattice models which com-
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FIG. 2. Large-s scaling of log Γs = log
∫∞
−∞ dup
′
s(u)
[
veffs (u)
]2
,
confirming the asymptotic of Eq. (12) for the isotropic Heisen-
berg chain for various temperatures, showing that the large-s
scaling is independent of β.
priseN−1 species of interacting excitations. The picture,
exemplified above for the isotropic S = 1/2 Heisenberg
model (N = 2), is qualitatively unchanged. By virtue
of SU(N) invariance however, the statement now holds
for all the components of the Noether charges. Explicit
results are reported in the Supplemental Material [58],
which includes refs. [69–76].
Other fermionic models. We have also inspected
the SU(2|2)-symmetric (EKS model [70]) and SU(2|1)-
symmetric (t-J model) fermionic lattice models of spin-
carrying electrons, where the conclusions do not change
provided the conserved U(1) charge Qˆ belongs to a
bosonic (i.e. even) SU(2) sector. Notice however that,
in addition to the conserved total magnetization Sˆz, the
SU(2|1)-invariant integrable t-J model conserves the to-
tal electron charge Nˆe which (in distinction to the to-
tal spin and charge in the Fermi–Hubbard model) cor-
responds to a global U(1) charge which does not belong
to the SU(2) sector of the full SU(2|1) symmetry of the
Hamiltonian. The absence of particle-hole symmetry for
the electron charge implies a finite charge Drude weight
in any equilibrium state with a finite density of electrons,
and the diffusion bound cannot be employed there. Like-
wise, in the SU(2|2)-symmetric model of spin-full elec-
trons there exists, besides two independent spin SU(2)
sectors as in the Hubbard model, the third global U(1)
conserved charge (the Hubbard interaction VˆH). The lat-
ter also yields a finite Drude weight for all values of chem-
ical potentials (cf. [58] for additional information).
Conclusion. We identified and discussed a class of
exactly solvable quantum lattice models with isotropic
interactions where Noether charges exhibit sub-ballistic
transport with divergent diffusion constants. Super-
diffusive transport is attributed to the existence of in-
finitely many bound states of magnons or electrons
5which behave at any finite temperature (cf. Fig. 2 and
Eqs. (11), (10)) as effective paramagnetic compounds of
spins (or electrons): their dressed spin (or charge) grows
as ∼ h s2 with their bare mass s for small values of chem-
ical potential h, and whose velocities decay proportion-
ally to 1/s. We wish to stress that an infinite num-
ber of bound states in the spectrum is not a sufficient
for a divergent diffusion constant, as shown explicitly in
the gapped regime of the anisotropic Heisenberg spin-1/2
chain where, indeed, bound states acquire dressed veloc-
ities which get exponentially suppressed with their size.
There are several related aspects to be addressed in
future. At the moment it is difficult to estimate the
importance of integrability for the observed anomalous
behavior. Although we have excluded normal diffusion
at half filling, invoking only a lower bound precludes
determining the exact super-diffusive dynamical expo-
nent. Indeed, numerical simulations on the isotropic
quantum [37] and classical Heisenberg magnet [77] give a
firm indication of dynamical exponent z = 2/3 – which is
consistent with the Kardar-Parisi-Zhang (KPZ) univer-
sality [78] (also observed in random unitary circuits in
(1+1)D [79]), in contrast to the standard diffusive expo-
nent z = 1/2 observed in anisotropic models and strongly
dissipative XXZ chains [80]. The hope is that the mod-
els exhibiting super-diffusion identified in this paper can
be viewed as representative models for a broad super-
diffusive universality class of quantum systems, possibly
of the KPZ-type, whose precise determination remains
an open problem.
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Supplemental Material
Super-diffusion in one-dimensional quantum lattice models
This Supplemental Material includes:
1. An exposition of the (nested) Thermodynamic Bethe Ansatz dressing formalism for a family of integrable
quantum lattice models comprising spin or electron degrees.
2. A short derivation of the lower bound on the charge diffusion constants from the curvature of the Drude weight.
Appendix A: Dressing formalism: Nested Bethe Ansatz
The notion of dressing is the central ingredient of the Bethe Ansatz formalism. Integrable systems are interacting
theories which host stable particle-like excitations which scatter elastically, with no particle decay or production.
Particles here refer to soliton-like objects which preserve their nature upon collisions. While non-interacting particles,
subjected to periodic boundary conditions, are describe by plane waves whose momentum k obeys the quantization
7constraint exp (ik L) = 1 (irrespectively of other particles in the system), the quantization rule for interacting particles
on the other hand acquires an extra multiplicative phase factor,
eikiLeiΦi = 1 ⇐⇒ eipiL = 1, (A1)
due to an accumulated two-body phase shift δ2,
Φi ≡
M∑
i6=j=1
δ2(ki, kj). (A2)
The absence of diffraction means that multi-particle processes are completely factorizable in terms two-body collisions
described by the scattering phase δ2. The dressing can be thought of as a renormalization of particles’ bare momenta
ki, corresponding to absorbing the scattering shift into a redefinition of the excitation momentum, ki 7→ kdri ≡ pi. In
this case, pi depend implicitly on the dressed momenta of all other M − 1 excitations present in a given eigenstate.
By virtue of integrability, a many-body scattering process is elastic (i.e. free of diffraction) and completely
factorizes into a sequence of two-body scattering events, irrespective of the ordering of the two-particle collisions. As
a corollary, the set of outgoing momenta are simply a permutation of the momenta of incoming particles.
Computing the dressing for a state with finitely many excitations in a finite volume amounts to solve the celebrated
Bethe Ansatz equations. In the thermodynamic limit – defined by as the scaling limit L,N → ∞ with N/L kept
fixed – the momenta can take continuous values, and equations (A1) can be converted to a set of coupled integral
equation for the (dressed) momentum density.
Integrable graded lattice models
We devote our analysis to the class of homogeneous one-dimensional integrable quantum lattice models with
SU(N |M)-symmetric Hamiltonians. Unless stated otherwise, the physical degrees of freedom associated to the lattice
sites belong to the fundamental representation of su(M |N) graded Lie algebras. A convenient property of this family
of models is that they can be treated in a uniform way, which can be attributed to the fact that they all share the
same elementary scattering amplitudes
Sj(u) =
u− j i2
u+ j i2
, (A3)
for j ∈ N, describing interactions between various particle excitations in their spectra. Specifically, the scattering
amplitude associated to two elementary excitations, denoted by S1,1(u,w) = exp (iδ2(u,w)), is a rational function of
the particles’ rapidity variables, denoted by u and w. The bare momentum kj of the fundamental particle reads
kj = k(uj) = i logS1(uj). (A4)
Elementary particle excitations in addition participate in the formation of composite (bound) states. The entire set
of scattering amplitudes describing interactions among them is simply obtained by ‘fusing’ the elementary scattering
amplitudes,
Sj,k(u,w) = S|j−k|(u,w)Sj+k(u,w)
min(j,k)−1∏
m=1
S2|j−k|+2m(u,w). (A5)
We shall primarily be interested in interacting models described by SU(N |M)-symmetric Hamiltonians
HˆN |M =
∑
j
hˆ
N |M
j,j+1, (A6)
with interaction density hˆ
N |M
j,j+1 acting on adjacent lattice sites j and j+1. Each lattice site is associated the fundamental
degree of freedom, that is the fundamental representation V ∼= CN+M of su(M |N). The latter formally a graded
vector space spanned by vectors vi (i = 1 ∼ N + M) equipped with Grassmann Z2-parity |i| ∈ {0, 1}. There are N
bosonic states with the assigned parity |i| = 0, and M fermionic states with parity |i| = 1. The linear algebra of
8operators acting in the fundamental representation V is spanned by the su(N |M) generators Eˆij which obey the
following graded commutations relations[
Eˆij , Eˆkl
]
= δjkEˆ
il − (−1)(|i|+|j|)(|k|+|l|)δilEˆkj . (A7)
The grading can be assigned arbitrarily. Inequivalent gradings are in one-to-one correspondence with Kac–Dynkin
diagrams, consisting of N + M − 1 nodes which are either bosonic when states vi and vi+1 are of the same parity
(open circles) or fermionic when vi and vi+1 have different parities (crossed circles).
The Hamiltonians (A6) on V ⊗L , with the interaction densities hˆ
N |M of the form
hˆN |M = 1− PˆN |M , (A8)
where
PˆN |M = (−1)|a||b|
N+M∑
a,b=1
Eˆab ⊗ Eˆba, (A9)
denotes the graded permutation operator on V ⊗2 .
The Hamiltonians HˆN |M can be diagonalized by means of the nested Bethe Ansatz. Below we summarize the main
ingredients of this procedure. Notice that the full algebraic construction of exact finite-volume eigenstates is not of
our main concern. Instead, we shall only interested in the complete spectrum of particle-like excitations and their
properties.
Particle content
The fundamental spin chain invariant under the SU(N |M) group possesses N +M − 1 types of elementary excita-
tions. The later can be associated with nodes of the corresponding Kac–Dynkin diagram, in a one-to-one fashion. By
fixing the grading, each highest-weight Bethe eigenstate is characterized by a unique set of rapidity variables which
come in of N +M − 1 flavours, {
u
(k)
j
∣∣j = 1 ∼ Nk; k = 1 ∼ N +M − 1} . (A10)
satisfying a coupled set of algebraic equations known as the nested Bethe Ansatz equations
exp
(
ip
(
u
(`)
i
)
L
)N+M−1∏
k=1
Nk∏
j=1
S`k
(
u
(`)
i , u
(k)
j
)
= −1, (A11)
where Nk is the number of Bethe roots of type k associated to the kth Dynkin node. The rational scattering amplitudes
read explicitly,
S`k
(
u
(`)
i , u
(k)
j
)
=
u
(`)
i − u(k)j − i2K`k
u
(`)
i − u(k)j + i2K`k
, (A12)
and are parametrized with aid of the graded Cartan matrix,
K`,k = δ`,k
(
(−1)|`| + (−1)|`+1|)− (−1)|`+1|δ`+1,k − (−1)|`|δ`−1,k, (A13)
The latter depends on the choice of grading which, in particular, fixed the simple positive roots. Physically speaking,
this means to select a particular reference (Bethe) vacuum state.
Particles and rectangular partitions. Elementary excitations can be either of bosonic or fermionic type. To
describe the complete thermodynamic spectra of graded spin chains, one has to understand the formation of bound
particles, being certain composites of the elementary excitations. Such compounds are known in the literature the
‘Bethe strings’. For the class of SU(N |M)-symmetric homogeneous lattice models considered here (cf. Eq. (A6)),
the complete particle spectrum turns out to bijectively correspond to the finite-dimensional (unitary) irreducible
representations associated to rectangular partitions, that is Young tableaux [a, s] with a rows and s columns. A
distinguished property of rectangular irreducible representations is that they constitute a closed set of fusion rules.
This is in fact dictated by the composition rule of the underlying classical Lie algebra g. Accordingly, it is most
natural label the particle species (bound states included) by a pair of positive integers A = (a, s). In addition, each
particle is characterized by a continuous rapidity variable u.
9Inter-particle interactions. The entire class of graded lattice models with g = su(N |M) symmetry shares a common
‘tight-binding’ four-vertex incidence (adjacency) matrix
IAB ≡ I(a,s),(a′,s′) = δa,a′(δs,s−1 + δs,s+1) + δs,s′(δa,a−1 + δa,a+1), (A14)
which compactly encodes the fusion rules of the scattering amplitudes and can be used to express effective interactions
among the particles. Its form reflects the internal structure of the bound states of elementary excitations.
The boundary conditions for IAB depend on the rank of the algebra g and the number of bosonic states N . This
is best understood by recalling the bijective correspondence between the particles and rectangular partitions, which
tells that the particles nicely arrange on a two-dimensional integer sub-lattice called the ‘fat hook’ [72, 76]. In the
simpler non-graded case (M = 0), the anti-symmetric fusion can be applied at most N − 1 times and the fat hook is
coincides with a sub-lattice in the form of a semi-infinite strip with boundaries s ≥ 0 and 0 ≤ a ≤ N . On the other
hand, there is no restrictions on the anti-symmetric fusion in the graded case provided s ≤ M − 1. These boundary
conditions define an L-shaped sub-lattice within the (a, s)-lattice.
There is no unique assignment of the particles to the nodes of the fat hook lattice. The prescription can be made
unique by selecting a particular highest-weight Bethe vacuum which requires an appropriate embedding of the chosen
Kac–Dynkin diagram inside the fat hook. For a general and comprehensive discussion on this we refer the reader to
[74]. Below we instead only focus on particular physically relevant examples.
Equilibrium ensembles
A general local equilibrium state in a thermodynamically large system is uniquely characterized by the full set
of functions ρA(u) pertaining to the densities of Bethe roots of various types, namely the elementary and bound
state solutions to the (nested) Bethe equations (A11). Given a complete set of densities, one uniquely specifies a
macrostate. The latter correspond to microcanical ensembles of microstates which are attributed a finite entropy
density per mode, reading
sA(u) = ρA(u) log
(
1 +
ρ¯A(u)
ρA(u)
)
+ ρ¯A(u) log
(
1 +
ρA(u)
ρ¯A(u)
)
. (A15)
We have introduced a set of functions ρ¯A, called the hole densities, corresponding to the densities of the unoccupied
solutions to the Bethe equations. Notice that the latter are uniquely determined once ρA a given, satisfying the
following system of linear integral equations
ρA + ρ¯A = σAKA −KAB ? ρB , (A16)
where ? denotes the convolution-type integration over the rapidity domain, define as
(f ? g)(u) =
∑
A
∫
dwfA(u,w)gA(w), (F ? g)(u) =
∑
B
∫
dwFAB(u,w)gB(w), (A17)
where the convention over repeated indices has been adopted. The kernels entering in Eqs. (A16) are the logarithmic
derivatives of scattering amplitudes,
KA(u) =
1
2pii
∂u logSA(u), KAB(u) =
1
2pii
∂u logSAB(u). (A18)
Finally, the σ-parity is a Z2 label defined as the sign of the bare momentum derivative, σA = sign(k′A). Moreover,
the total density of the available states for a particle of type A is (due to interactions) a rapidity (i.e. momentum)
dependent quantity,
ρtotA (u) = ρA(u) + ρ¯A(u) = σA
p′A(u)
2pi
. (A19)
An alternative way to characterize equilibrium state is via the mode occupation functions
ϑA(u) =
ρA(u)
ρtotA (u)
, (A20)
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which are a natural generalization of the Fermi–Dirac occupation functions to interacting models which are subjected
to the Fermi ‘exclusion principle’. In the dressing formalism of the Thermodynamic Bethe Ansatz, another useful set
of quantities to define are hole to particle ratios,
YA(u) =
ρ¯A(u)
ρA(u)
, (A21)
which are commonly known as the Y -functions.
The thermodynamic free energy f = − logZ of a general equilibrium state can be conveniently expressed a functional
integral over rapidity distributions,
Z =
∫
D[{ρA(u)}] exp
(
−L
∑
A
∫
du
(
µA(u)ρA(u)− sA(u)
))
, (A22)
where sA(u) denotes the entropy density per particle given by Eq. (A15), and µA(u) is a complete set of analytic
(dynamical) chemical potentials as defined in [52]. It is important to stress that µA(u) uniquely define a ‘generalized’
equilibrium ensemble in the sense that the saddle-point of Eq. (A22) yields a particular set of Bethe root densities
ρA(u). Alternatively, a local equilibrium state is fully specified by the expectation values of the local conservation
laws [75].
In the L → ∞ limit, the saddle-point integration yields a set of coupled non-linear integral equations, which we
refer here to as the canonical TBA equations. In terms of the Y -functions defined in Eq. (A21), these are of the form
log YA = µA +KAB ? log(1 + 1/YB). (A23)
Hence, given µA(u) one finds ϑA(u) via Eq. (A23), and vice-versa. For instance, in the case of the grand-canonical
Gibbs ensemble, the chemical potentials read
µGCA (u) = β eA(u) +
∑
i
2hinA,i, (A24)
where β is the inverse temperature, eA(u) denoted the one-particle energies, limL→∞ EL = eA?ρA, and nA,i one-particle
bare U(1) charges.
Universal dressing transformation
An infinite sum over particle species on the right-hand side of Eq. (A23) can be removed by exploiting certain fusion
identities. It is useful to define the left inverse of the convolution kernel (K + 1),
CAB(u) = (K(u) + δ)
−1
AB = δAB − s(u)IAB , (A25)
where
s(u) =
1
2 cosh (piu)
, (A26)
is the solution to equation K1 − s ? K2 = s, whereas the incidence matrix IAB for the graded SU(N |M)-symmetric
quantum chains which appears in the Baxter–Cartan matrix CAB (cf. Eq. (A25)) splits into the horizontal and vertical
parts,
Is,s′ = δs+1,s′ + δs−1,s′ , Ia,a′ = δa−1,a′ + δa+1,a′ , (A27)
respectively, leaving the boundary conditions (which depend on N and M) implicit for the moment.
Notice, moreover, that the bare energies of the fundamental particles are simply proportional to the elementary
scattering kernels eA(u) ' KA(u), whence
(K + δ)−1AB ? KB ≡ CAB ? KB = δA,1s. (A28)
Taking advantage of the fact that the entire TBA framework originates from the fusion rules for the Yangian
extensions of the classical characters associated to the rectangular Young tableaux, the entire TBA dressing formalism
can in fact be presented in a universal group-theoretic form
Cs,s′ ? La,s′ − Ca,a′ ? L¯a′,s = νa,s, (A29)
where indices (a, s) ⊂ Z2 belong to the interior of the fat hook lattice. The actual physical meaning of these equations
depends on the interpretation of variables La,s and L¯a,s:
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• for La,s ≡ ρ¯a,s and L¯a,s = −ρa,s one finds the Bethe–Yang integral equations (A16), expressing hole distribution
functions ρ¯a,s in terms of Bethe root densities ρa,s, with source terms νa,s = k
′
a,s,
• for La,s ≡ log(1 + Ya,s) and L¯a,s ≡ log(1 + Y −1a,s ), one finds the quasi-local form of TBA equations. Dependence
on chemical potentials µA(u) is contained in the source terms
νA = CAB ? µB . (A30)
In practice, it is useful to use the differential form of Eqs. (A29). This yields the following system of coupled linear
integral equations,
C
(ϑ)
AB ? (q
′
B)
dr = q′A, (A31)
or explicitly,
C
(ϑ)
s,s′ ? (q
′
a,s′)
dr + C
(ϑ)
a,a′ ? (q
′
a′,s)
dr = q′a,s, (A32)
where we have introduced the dressed Baxter–Cartan matrices
C
(ϑ)
s,s′(u) = δs,s′ − s(u) Is,s′ ϑ¯a,s(u), (A33)
C
(ϑ)
a,a′(u) = δa,a′ − s(u) Ia,a′ϑa,s(u), (A34)
where ϑa,s enter as input variables parametrizing the reference many-body vacuum (equilibrium state).
In the non-graded chains (M = 0), the fat-hook lattice is a semi-infinite strip and the indices range in s = 1, 2, . . .
and a = 1 ∼ N . In the graded cases (i.e. for M > 0), the exterior (interior) boundaries are along (0, s ≥ 0) and
(a ≥ 0, 0) ((N, s ≥M) and (N ≥ a,M)). There is an additional exceptional relation associated to the boundary node
(a, s) = (N,M), which is a particularity of the graded models and where Eqs. (A29) to no apply. Nonetheless, there
is no real ambiguity since the functional relations for quantum characters enforce its uniqueness.
High-temperature expansion
The TBA dressing equations do not permit closed-form solutions in general. There are two important exceptions to
this, however: (i) the ground-state limit β−1 → 0 limit and (ii) the high-temperature β → 0 limit. Below we specialize
our treatment to the high-temperature limit of the grand canonical Gibbs ensembles where the dressing integral
equations becomes a set of coupled algebraic equations, see e.g. [65]. Here we make use of the group-theoretical
formulation by invoking the character formulae for classical (graded) Lie algebras.
We begin by the leading-order β-expansions of the TBA functions,
log YA = log Y
(0)
A + β FA +O(β2), (A35)
log(1 + YA) = log(1 + Y
(0)
A ) + β ϑ¯
(0)
A FA +O(β2), (A36)
log(1 + 1/YA) = log(1 + 1/Y
(0)
A )− β ϑ(0)A FA +O(β2). (A37)
The major simplification in the β → 0 limit is that the occupation functions become constant (i.e. rapidity-
independent) functions, and thus all convolution integrals reduce to scalar multiplication.
Mode occupation functions
Using the property of the s-kernel, 1 ? s = 12 , equations (A37) the β → 0 limit reduce to the following non-linear
functional relations for the Y -functions
log
[
Y (0)a,s
]2
= Is,s′ log(1 + Y
(0)
a,s′)− Ia,a′ log(1 + 1/Y (0)a′,s). (A38)
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There is an equivalent exponential form of these equations,
[
Y (0)a,s
]2
=
(1 + Y
(0)
a,s−1)(1 + Y
(0)
a,s+1)
(1 + 1/Y
(0)
s,a−1)(1 + 1/Y
(0)
s,a+1)
, (A39)
for constant (i.e. rapidity-independent) Y -functions, which is nothing but the simplified ‘classical’ version of the
Y -system relations [69]. To find a unique solution to this system we have to solve a system of coupled recurrence
relations. To achieve this, we have to additionally supply the following N +M − 2 asymptotic conditions,
lim
s→∞Y
(0)
a,s = exp (2has), a = 1 ∼ N − 1, (A40)
lim
a→∞Y
(0)
a,s = exp (2µsa), s = 1 ∼M − 1. (A41)
Parameters ha and µs are the chemical potentials associated with global conserved U(1) charges of an equilibrium
equilibrium state. In the graded chains, i.e. for M > 1, there is an additional chemical potential which is not encoded
in the asymptotics of the TBA Y -functions. As we shall demonstrate on explicit examples, the latter enters through
the equation associated with the corner node (a, s) = (N,M) of the fat hook.
Any solution to equations (A39) admits an equivalent gauge-covariant parametrization in terms of classical char-
acters χa,s, related to the Y -function by a non-linear transformation
Y (0)a,s =
χa,s−1χa,s+1
χa−1,sχa+1,s
. (A42)
The infinite set of functions χa,s satisfy the simplified version of the Hirota bilinear relations
χ2a,s = χa−1,sχa+1,s + χa,s−1χa,s+1. (A43)
Indeed, the above formula is just a reduction of the full ‘quantum’ Hirota equation with spectral parameter (see
e.g. [76]) in the ‘classical limit’ when dependence on the spectral parameter drops out. In fact, Eq. (A43) is the
well-known identity for characters χa,s = χa,s(G) of rectangular irreducible representations [a, s] of classical graded
algebras gl(N |M), with G denoting an element of a (N+M−1)-dimensional Cartan subalgebra. Physically speaking,
characters χa,s are thus only functions of the U(1) chemical potentials which parametrize the infinite-temperature
grand canonical Gibbs ensemble.
Below we recall some basic facts about the character formulae for the non-graded gl(N) Lie algebras, where only
the rectangular characters χa,s(G), with G = diag(x1, . . . , xN ) denoting a general element of the Cartan subalgebra,
will be of our interest. A character χa,s is expressible as a determinant including only the totally symmetric (anti-
symmetric) characters χ1,s (χa,1) in accordance with the Giambelli-Jacobi–Trudi formula
χa,s(G) = Det (χ1,s+j−k)1≤j,k≤a . (A44)
An explicit parametrization in terms of the eigenvalues of the Cartan charges is given by the 1st Weyl character
formula
χa,s(G) =
Det (x
N−j+s θa,j
k )1≤j,k≤N
Det (xN−jk )1≤j,k≤N
, (A45)
with θi,j = 1 if i ≥ j and zero otherwise. Functions χa,s(G) are related to Schur polynomials, i.e. completely
symmetric polynomials of N variables x1, . . . , xN . The generating function for totally symmetric characters is
w(z) =
N∏
j=1
1
1− z xj =
∞∑
s=0
zsχ1,s(x1, . . . , xN ). (A46)
Likewise, the totally anti-symmetric characters are generated from the inverse expansion w−1(z) =
∑∞
a=1(−1)aχa,1za.
For instance, in the simplest N = 2 case we have
χ1,s(x1, x2) =
∣∣∣∣xs+11 xs+121 1
∣∣∣∣∣∣∣∣x1 x21 1
∣∣∣∣ =
xs+11 − xs+12
x1 − x2 . (A47)
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The Cartan sector of the SU(2)-symmetric fundamental spin chain is thus parametrized by a single parameter h,
determined by x1/x2 = exp (2h), which pertains to the chemical potential for the conserved total spin Sˆ
z. Therefore
χ0,s = χ2,s = 1, implying
1 + Y (0)s (h) = [χ1,s(h)]
2
, (A48)
with symmetric characters
χ1,s(h) =
e−(s+1)h − e(s+1)h
e−h − eh . (A49)
In the limit of half filling, i.e. h→ 0, we have in particular
lim
h→0
χ1,s(h) = ds = dimVs = s+ 1, (A50)
lim
h→0
Y (0)s (h) = s(s+ 2). (A51)
The higher-rank su(N)-symmetric models involve N − 1 conserved number operators Nˆi. We thus put
x1 = 1, xj/xj+1 = exp (2hj). (A52)
Finally, it is instructive to examine the singular limit of vanishing chemical potentials xj → 1. For a general
partition (Young tableaux) λ = (λ1, . . . , λN ), with λj ≥ λj+1 defining a gl(N) representation, the latter corresponds
to the following specialization of Schur polynomials
sλ(1, 1, . . . , 1) =
∏
1≤i<j≤N
λi − λj + j − i
j − i , (A53)
which is the well-known hook-length formula yielding the multiplet dimension dimVλ. For the rectangular partitions
λ = (sa) = (s, s, . . . , s) this implies limhj→0 χa,s = dimVa,s.
Dressing in the high-temperature limit
In the infinite temperature limit β → 0, the dressing transformation becomes an infinite system of coupled algebraic
equations which admits a closed-form solution. The leading high-temperature contribution to the mode occupation
functions and the dressed values of the U(1) charges can be directly computed from the TBA Y -functions, as outlined
below. Specifically, the occupation functions are expressible as the following ratios of χ-functions
ϑ(0)a,s =
χa−1,sχa+1,s
χ2a,s
, ϑ¯(0)a,s =
χa,s−1χa,s+1
χ2a,s
. (A54)
The dressed values of conserved U(1) charges are most easily computed from
mdr(0)a,s (G) = ∂2ha log Y
(0)
a,s (G), a = 1 ∼ N − 1, (A55)
ndr(0)a,s (G) = ∂2µs log Y
(0)
a,s (G), s = 1 ∼M − 1, (A56)
where G depends on a set of chemical potentials hi, µi. There is an extra chemical potential, denoted by u, which is
not encoded in the asymptotic but explicitly enters in the equation for the corner node.
The high-temperature limit of the particles’ dressed dispersion relations in the leading order O(β) is found as a
solution to the following system of coupled linear integral equations
Fa,s = C
(0)
s,s′ ? Fa,s′ + C
(0)
a,a′ ? Fa′,s − νa,s, (A57)
where C
(0)
a,a′ and C
(0)
s,s′ are the Baxter–Cartan matrices dressed by the infinite-temperature equilibrium state,
C
(0)
s,s′ ? Fa,s′ = δs,s′ − Is,s′s ? ϑ¯(0)a,s′Fa,s′ , (A58)
C
(0)
a,a′ ? Fa′,s = δa,a′ − Ia,a′s ? ϑ(0)a′,sFa′,s. (A59)
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Anisotropic Heisenberg spin- 1
2
chain
A prototype model of an integrable spin chain is the axially anisotropic Heisenberg spin-1/2 chain (XXZ model),
HˆXXZ '
L∑
j=1
(
Sˆxj Sˆ
x
j+1 + Sˆ
y
j Sˆ
y
j+1 + ∆Sˆ
z
j Sˆ
z
j+1
)
. (A60)
For ∆ = 1, there is manifest global SU(2) non-Abelian symmetry. However, integrability implies a hidden (i.e.
non-manifest) infinite dimensional quantum-group symmetry algebra known as the Yangian Y(su(2)). For generic
values ∆ 6= 1 the symmetry continuously deforms in the so-called ‘quantum deformed’ universal enveloping algebra
Uq(su(2)). For the root-of-unity value q = pi(m/`), with co-prime integers m < ` and ` ≥ 2, the symmetry enlarges
(see [65]).
Isotropic point
We first consider the isotropic point |∆| = 1 regime, the particle content consists of magnons (s = 1) and an
infinite sequence of magnonic bound states (s ≥ 2). These particles are commonly referred to as the s-strings. The
high-temperature limit of the dressing transformation is a three-point recurrence relation
C
(0)
s,s′ ? Fs′ = δs,1s, lims→∞Fs = 0. (A61)
The occupation functions are readily obtained from the character formulae as prescribed by Eqs. (A54),
ϑ(0)s (h) =
1
1 + Ys(h)
=
1
χ2s(h)
, (A62)
ϑ¯(0)s (h) = (1 + 1/Ys(h))
−1 = 1− ϑs(h), (A63)
Ys(h) =
sinh((s+ 1)h)2
sinh(h)2
− 1. (A64)
The solution to the recurrence relation (A61) reads
Fs(h) =
χs(h)
χ1(h)
(
Ks
χs−1(h)
− Ks+1
χs+1(h)
)
. (A65)
In particular, exactly at half filling we have
lim
h→0
ϑ¯(0)s (h) =
s(s+ 2)
(s+ 1)2
, lim
h→0
Fs(h) =
s+ 1
2
(
Ks
s
− Ks+2
s+ 2
)
. (A66)
The dressed momentum in the β → 0 limit therefore reads
p′(0)s (u) =
s+ 1
2
(
Ks(u)
s
− Ks+2(u)
s+ 2
)
. (A67)
Similarly, the dressed energy is of the form
ε′(0)s (u) = lim
β→0
β−1∂u log Ys(u) = F ′s(h) =
s+ 1
2
(
K ′s(u)
s
− K
′
s+2(u)
s+ 2
)
. (A68)
The dressed spin is obtained from the solution of the following homogeneous recurrence
mdr(0)s (h)−
1
2
Is,s′ ϑ¯
(0)
s′ (h)m
dr(0)
s′ (h) = 0, lims→∞m
dr(0)
s (h) = s. (A69)
For finite value of chemical potential h, the solution reads
mdr(0)s (h) = ∂2h log Y
(0)
s (h) =
sinh (h)
sinh ((s+ 1)h)
(
s
sinh (s h)
− s+ 2
sinh ((s+ 2)h)
)
. (A70)
In the vicinity of half filling h→ 0 we thus have
mdr(0)s (h) ∼
1
3
(s+ 1)2h+O(h3). (A71)
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Easy-axis (gapped) regime |∆| > 1
The so-called ‘easy-axis’ regime of the XXZ Hamiltonian (A60) is parametrized by anisotropy ∆ = cosh (η), for
η ∈ R+. The elementary kernels undergo a trigonometric deformation
Ks(u) =
1
2pii
∂u logS(u) =
1
2pii
2 sinh (sη)
cosh (sη)− cos (2u) . (A72)
The fundamental zone of the rapidity integration is a compact interval u ∈ [−η/2, η/2]. The kernels for the isotropic
chain are recovered in the limit η → 0+ after simultaneous rescaling the rapidity variable,
KXXXs (u) = lim
η→0+
Ks(ηu) =
1
2pi
s
(s/2)2 + u2
. (A73)
The bare energies of the s-strings are
es(u) = −pi sinh (η)Ks(u). (A74)
In the large-s limit we the kernels behave as
lim
s→∞Ks(u) =
1
pi
, lim
s→∞K
′
s(u) =
sin (2u)
pi cosh (sη)
. (A75)
The rapidity derivatives of the dressed energies in the high-temperature limit at half filling read
ε′(0)s (u) = −pi sinh (η)
s+ 1
2s(s+ 2)
(
(s+ 2)K ′s − sK ′s+2
)
. (A76)
The expressions for the rapidity-independent quantities m
dr(0)
s (h) and ϑ
(0)
s (h) are the same as those for the isotropic
point.
Easy-plane (gapless) regime |∆| < 1
The easy-plane regime is parametrized by ∆ = cos (γ), for γ ∈ R. We consider the root-of-unity value of the
quantum deformation parameter q = eiγ , namely γ which are rational multiples of pi, γ/pi = m/`, in which case the
centre of the quantum group symmetry algebra Uq(sl2) enlarges. The structure of eigenstates and thermodynamic
particle content becomes dependent on ∆ in a rather intricate way. The complete classification can be found in [65].
A key difference in compare to the |∆| ≥ 1 regime is that the number and types of excitations in the spectrum now
explicitly depends on the value of γ. To further simplify the analysis, we restrict our consideration to a discrete set
of primitive roots of unity γ = pi/`, for ` ∈ N (` ≥ 2), when there are ` distinct species: for s = 1 ∼ `− 1 we have the
magnons and bound states thereof with bare spin ns = s, whereas the ‘last particle’ labelled by s = ` corresponds
to an unbound magnon (n` = 1) of negative σ-parity (σ` = −1). The origin of such a truncation can be traced to
the fact that at these particular values of q the (` + 1)-dimensional irreducible representation of Uq(sl(2)) becomes
reducible. The last two particles interact with other particles in a distinctive way. This special feature of the gapless
regime is key to understand the nature of quantum spin transport [43].
The TBA Y -functions will be denoted by Ys = ρ¯s/ρs for s = 1 ∼ ` − 2, whereas the special pair of particles is
associated the following Y -functions
Y`−1 ≡ Y◦ = ρ¯◦/ρ◦, Y` ≡ Y• = ρ•/ρ¯•. (A77)
The elementary scattering kernels depend on γ are read explicitly
Ks(u) =
2 sin (γqj)
cosh (2u) + cos (γqj)
, (A78)
with qj = `− j for j = 1 ∼ `− 1 and q` = −1, and satisfying the following identities
Ks − s ? (Ks−1 +Ks+1) = 0, s ≤ `− 2, (A79)
K◦ = −K• = s ? K`−2, (A80)
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The s-kernel gets modified and now depends on the anisotropy parameter `,
s`(u) =
`
2pi
1
cosh (2u)
. (A81)
The quasi-local form of the Bethe–Yang equations for the string densities is compactly written as
ρtots = I
(`)
s,s′ ? ρ¯s′ , (A82)
where I(`) stands for the `-dimensional incidence matrix of the D` system,
I
(`)
jk =
`−3∑
j=1
(δj,k−1 + δj,k+1) + δ`−2,` + δ`−1,`−2 + δ`,`−2. (A83)
Similarly, the quasi-local TBA equation take the form
log Ys = νs + Is,s′s ? log(1 + Ys′). (A84)
Notice that ν◦,• = ν◦,•(`, h).
Unlike in the isotropic chain or the gapped phase, the dressing equations in gapless regime for the root-of-unity
values of γ enclose a finite set of equations
(1 + 1/Ys)fs − s` ? (fs−1 + fs+1) = −δs,1s`, s = 1 ∼ `− 3, (A85)
(1 + 1/Y`−2)f`−2 − s` ? (f`−3 + 2f◦) = 0, (A86)
(1 + 1/Y◦)f◦ − s` ? f`−2 = 0, (A87)
where we denoted fs ≡ ϑ¯sFs. The general solution of equations (A87) is already known [65]
fˆs(κ) =
1
χ1χy1−1χs+y1−1
(
χs+2y1−1
sinh (pi2
qs
p0
κ)
sinh (pi2κ)
− χs−1
sinh (pi2
qs−p1
p0
κ)
sinh (pi2κ)
)
, s = 1 ∼ `− 2, (A88)
fˆ◦(κ) =
sinh (γ2κ)
2 sinh (pi2κ)
, (A89)
where
y1 = 1, p0 = `, p1 = 1, (A90)
qs = `− s, s = 1 ∼ `− 1, q` = −1, (A91)
are the so-called Takahashi–Suzuki numbers for the simple roots of unity q = cos (pi/`). In Fourier space the kernel
read
Kˆs(κ) =
sinh (γ2 qsκ)
sinh (pi2κ)
, sˆ(κ) =
1
2 cosh (γ2κ)
. (A92)
The regular particles (s-strings) with indices ranging in s = 1 ∼ ` − 2 behave similarly to the regular s-strings in
the isotropic and gapped regimes |∆| ≥ 1, and obey the standard Y -system relations[
Y (0)s (h)
]2
=
(
1 + Y
(0)
s−1(h)
)(
1 + Y
(0)
s+1(h)
)
, s = 1 ∼ `− 3. (A93)
On the other hand, the pair of exceptional excitations which are due to the truncated particle spectrum require a
separate analysis. For their Y -functions we find
log
[
Y◦(h)
Y•(h)
]
= 2h`, (A94)
which is valid for any value of inverse temperature β. We thus parametrize
Y•(h) = e−2h`Y◦(h), (A95)
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which implies that in the h→ 0 limit limh→0(Y◦/Y•) = 1. Similarly, their total densities also coincide ρtot◦ = ρtot• (for
any β). whereas the dressed momenta differ by an overall sign, p′◦ = −p′•, due to opposite σ-parities σ◦ = −σ•. In
the β → 0 limit and finite h, the Y -system functional relations (A93) for the regular particles together with[
Y
(0)
`−2(h)
]2
=
(
1 + Y
(0)
`−3(h)
)(
1 + Y
(0)
◦ (h)
)(
1 + Y
(0)
• (h)
)
,[
e−h`Y (0)◦ (h)
]2
=
[
eh`Y
(0)
• (h)
]2
= 1 + Y
(0)
`−2(h), (A96)
enclosing a finite system of ` algebraic relations, with the solution
Y (0)s (h) = χ
2
1,s(h)− 1, s = 1 ∼ `− 2, (A97)
Y
(0)
◦ (h) = eh `χ1,`−2(h). (A98)
At half filling h→ 0, the high-temperature regular Y -functions become
lim
h→0
Y (0)s (h) = s(s+ 2), s = 1 ∼ `− 2, (A99)
and the regular particle carry the dressed spin
mdr(0)s (h) ∼
1
3
(s+ 1)2h+O(h3), (A100)
which agrees with the results found earlier for the s-string excitations in |∆| ≥ 1 regime. For the special pair of
excitations, the mode occupation functions at half filling depend on ` are read
lim
h→0
Y
(0)
◦,• (h) = `− 1, lim
h→0
ϑ
(0)
◦,•(h) =
1
`
. (A101)
Their dressed energies and dressed spin are computed as
ε
′(0)
◦ (u) = ε
′(0)
• (u) = lim
β→0
β−1∂u log Y◦(u) = lim
β→0
∂u(s ? log(1 + Y`−2)) = ∂u(s ? f`−2) = (1 + 1/Y
(0)
◦ )f ′◦, (A102)
where we have used the expansion log(1 + Y`−2) = log(1 + Y
(0)
`−2) + βf`−2 + O(β2). In the h → 0 limit, the dressed
spin of the special particles reads
m
dr(0)
◦ (h) = −mdr(0)• (h) = ∂2h log Y (0)◦ (h) ∼ ± `
2
+O(h). (A103)
Free fermonic point (XX spin chain). The non-interacting point corresponds to ` = 2. In this case there is no
‘regular strings’ in the spectrum which now only comprises the exceptional species ◦ and •. Due to the absence of
interactions, the scattering kernel simplify to K◦◦ = K•• = K(2,+) = 0 and K◦• = K•◦ = K(2,−) = 0, and the
non-interacing TBA equations read
log Y◦ = 2h− 2piβ K1, log Y• = −2h− 2piβ K1. (A104)
implying that the dressed spin is just the bare spin, limh→0 sdr◦,•(h) = ∂2h log Y◦,•(h)|h=0 = 1, as expected. Indeed, the
two particles with σ-parties σ◦ = 1 and σ• = −1 at the non-interacting point γ = pi/2 are nothing but two branches
of a single free electon dispersion with momentum ranges k ∈ [−pi2 , pi2 ] and k ∈ [−pi,−pi2 ] ∪ [pi2 , pi].
Fermionic chains
Integrable Hamiltonians given by Eq. (A6) with non-trivial grading are most naturally expressed in terms of
canonical fermions. Below we consider a few most prominent examples which play an important role in the condensed
matter literature.
Before proceeding we would like to given a few general technical remarks. In distinction to the ordinary (non-
graded) semi-simple Lie algebras, the Z2-graded Lie algebras exhibit certain special features. To begin with, there is
no unique choice of simple root system which affects the algebraic Bethe ansatz diagonalization procedure in the sense
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that the bare (Bethe) vacuum is no longer unique. This is to be contrasted with the non-graded spin chain where,
for instance in the SU(N)-symmetric models, all distinct bare vacua share the same form of Bethe equations modulo
particle relabelling. In the graded models considered here, the total number of different bare vacua available equals the
rank of g = su(N |M), i.e. rank(g) = N+M−1. Different choices are represented by their corresponding Kac–Dynkin
diagrams which consist of N + M − 1 nodes (each belonging to an elementary excitation in the spectrum), with
the convention that open (bosonic) circles correspond to adjacent states of equal Grassmann parity, while crossed
(fermionic) circles to adjacent states of opposite parities. All distinct possibilities are nevertheless interrelated by
the so-called fermionic duality transformations (cf. [74]) and permit to construct the same complete spectrum of
(highest-weight) eigenstates. In the fundamental chains there is only one type of elementary excitations which carries
momentum and energy, while the remaining excitations pertain to internal degrees of freedom and are referred to as
the auxiliary particles.
Finally, we wish to emphasize that the notion of the momentum-carrying elementary particles and the assignment
of the auxiliary excitations and bound states thereof depend explicitly on the choice of grading, the high-temperature
Y -functions Y
(0)
a,s attached to the interior nodes of the fat hook lattice always stay the same.
Fermi–Hubbard model
The one-dimensional Fermi–Hubbard model comprises spin-full electrons which interact via Coulomb repulsion,
HˆH = −
L∑
j=1
∑
σ∈↑,↓
cˆ†j,σ cˆj+1,σ + 4u
L∑
j=1
Vˆ Hj,j+1, (A105)
with Hubbard interaction
Vˆ Hj,j+1 =
L∑
j=1
(
nˆj,↑ − 12 )(nˆj,↓ − 12
)
. (A106)
Strictly speaking, the model is not a member of a parameter-less family of SU(N |M)-symmetric Hamiltonians (A6).
Indeed, the Fermi–Hubbard chain has quite a special place among Bethe Ansatz solvable models as the underlying
quantum algebra which governs the structure of eigenstates is related to a certain the degenerate limit of an exceptional
central extension of su(2|2) graded Lie algebra [73].
There are four states per lattice site, {|∅〉 , |↑〉 , |↓〉 , |•〉}, were |∅〉 denotes an empty site and |•〉 a doubly-occupied
site. There are two types of elementary excitations which constitute two bosonic su(2) subalgebras: {|↑〉 , |↓〉} are
the spin degrees of freedom, while {|∅〉 , |•〉} constitute the charge (η-spin) su(2) degrees of freedom. The bosonic
generators of the spin and charge su(2) subalgebras are
Sˆα =
L∑
j=1
Sˆαj , ηˆ
α =
L∑
j=1
ηˆαj , (A107)
for α ∈ {z,+,−}. The Cartan generators of the global U(1) spin and charge in terms of local electron number
operators, nˆ↑ = |↑〉 〈↑|+ |•〉 〈•| and nˆ↑ = |↓〉 〈↓|+ |•〉 〈•|, reading explicitly
Sˆzj =
1
2 (nˆj,↑ − nˆj,↓), ηˆzj = 12 (nˆj,↑ + nˆj,↓ − 1). (A108)
The local electron number operator nˆe = nˆ↑+nˆ↓ and the total number of electrons on an L-site lattice is Nˆe = 2ηˆz+L.
Despite the exceptional status of the Hubbard model, its spectrum may still be embedded in the previously described
universal description of the SU(N |M)-symmetric models. A few modifications are necessary though: the elementary
S-matrices become a function of the coupling strength parameter u, reading
Sn(u) =
u− n iu
u+ n iu
, . (A109)
while the corresponding s-kernel acquires u-dependence
s(u) =
1
4u cosh (pi2
u
u )
. (A110)
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The fused amplitudes for the scattering of u and w-roots are
Sn|uw,m|uw(u) = S
−1
n|w,m|w(u) = S
−1
nm(u), (A111)
whereas for the two-branched y-particle we have K±,n(u) = 12pii∂u logSn(u), where n is the integer index of either a
s|w-string or a a|uw-stack.
Bethe eigenstates in a finite-volume are characterized in terms of rapidity sets which are solutions to the Lieb–Wu
equations
eik(uj)L
Nw∏
j=1
S1(uk, wj) = 1, (A112)
Nu∏
j=1
S−11 (wk, uj)
Nw∏
j=1
S1,1(wk, wj) = −1, (A113)
with 2Nw ≤ Nu ≤ L, with the bare electron dispersion reading uj = sin (kj). This means that each Bethe root uj
yields two distinct values of momenta kj . To this end it is therefore useful to introduce a double-branched y-roots by
virtue of the Zhukovsky transformation uj =
1
2 (yj + y
−1
j ); the two branches are given by [73]
y±(u) = x(u)±1 = x(u+±i0), x(u) = u+ u
√
1− 1/u2. (A114)
Note that x(u) has a square-root branch cut along the interval [−1, 1].
Although the global symmetry of the Fermi–Hubbard is SO(4), the thermodynamic particle content is related to
the local quantum symmetry and presently complies with fat hook lattice associated to g = su(2|2). The assignment
of particles to its nodes goes as follows:
1. The momentum-carrying unbound electrons, pertaining to the two-branched y-particles, y±(u) (u ∈ [−1, 1]),
are attached to the master node at (1, 1) and the corner node at (2, 2),
2. the auxiliary bound states of spin excitations forming regular s-strings are attached to nodes (1, s+ 1),
3. and the momentum-carrying a|uw-stacks, representing spin-singlet bound states composed of 2a electrons and
a spin-down excitations, are arranged along the nodes (a+ 1, 1).
The canonical TBA equations are of the form
log Yy = µy +KM ? log(1 + YM |uw)−KM ? log(1 + YM |w), (A115)
log YM |uw = µM |uw +KMN ? log(1 + 1/YN |uw)−KM ?ˆ log(1 + 1/Y−) +KM ?ˆ log(1 + 1/Y+), (A116)
log YM |w = µM |w +KMN ? log(1 + 1/YN |w)−KM ?ˆ log(1 + 1/Y−) +KM ?ˆ log(1 + 1/Y+), (A117)
The canonical source terms depend on the bare energies and U(1) chemical potentials and read
µy(u) = β ey(u)− µ− h, µa|uw(u) = β ea|uw(u)− 2aµ, µs|w(u) = 2s h. (A118)
The bare energies of momentum-carrying excitations are
e±(u) = −2 cos p±(u) + 2u = ±2
√
1− u2 + 2u, (A119)
ea|uw(u) = e+(u+M iu) + e−(u− aiu) = 2
√
1− (u+ aiu)2 + 2
√
1− (u− aiu)2, (A120)
and es|w = 0. One can get rid off the infinite sums in the last two equations in (A117) by convolving with respect to
the Baxter–Cartan matrix C. Using the property Caa′ ? µa′|uw = δa,1β s ?ˆ (e+ − e−), one finds the quasi-local TBA
equations
log Y± = s ? log(1 + Y1|uw)− s ? log(1 + Y1|w), (A121)
log Ys|w = Is,s′s ? log(1 + Ys′|w)− δs,1s ?ˆ log
(
1 + 1/Y−
1 + 1/Y+
)
, (A122)
log Ya|uw = Ia,a′s ? log(1 + Ya′|uw), (A123)
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subjected to the asymptotic conditions
lim
a→∞ log Ya|uw(µ) = −2µa, lims→∞ log Ys|w(h) = 2h s. (A124)
By furthermore performing the particle-hole transformations for all the particles assigned to the vertical wing of
the fat hook, that is Y− → Y −1− and Ya|uw → Y −1a|uw, and making the following identifications, Y1,s+1 ≡ Ys|w for
s ≥ 1, Ya+1,1 ≡ Ya|uw for a ≥ 1 and Y− = Y1,1, Y+ = Y2,2, we recover the standard (universal) form of the Y -system
functional relations. This time however, unlike in the su(N |M) chains, the corner node is just a different branch of
the same electronic excitations and there is no extra U(1) chemical potential besides the charge and spin chemical
potential µ and h, respectively.
The high-temperature Y -functions read explicitly
Y
(0)
− (µ, h) = Y
(0)
+ (µ, h) =
eµ + e−µ
eh + e−h
, Y
(0)
s|w(h) = χ
2
s(h)− 1, Y (0)a|uw(µ) = χ2a(µ)− 1, (A125)
where, similarly as in the Heisenberg XXX model, the characters associated to the spin and charge wings are
χs(h) =
e−(s+1)h − e(s+1)h
e−h − eh , χa(µ) =
e−(a+1)µ − e(a+1)µ
e−µ − eµ . (A126)
Notice that functions Ys|w do not depend on µ and, likewise, Ya|uw do not depend on h. This means that particles
carrying charge are spin-less and, conversely, the ones carrying spin are charge-less. It is only the ‘unbound electrons’
which is charged under both degrees of freedom. At half filling, these simplify to
lim
µ→0
Y
(0)
a|uw(µ, h) = a(a+ 1), limh→0
Y
(0)
s|w(µ, h) = s(s+ 1), limµ=h→0
Y (0)y (µ, h) = 1. (A127)
The dressing transformation is written as a coupled system linear integral equations
Fs|w − s ? Is,s′ ϑ¯(0)s′|wFs′|w + δs,1(ϑ(0)− F− − ϑ(0)+ F+) = 0, (A128)
Fa|uw − s ? Ia,a′ ϑ¯(0)a′|uwFa′|uw − δs,1(ϑ¯(0)− F− − ϑ¯(0)+ F+) = 0, (A129)
F± + s ? (ϑ¯
(0)
1|wF1|w − ϑ¯(0)1|uwF1|uw) = f ′± − s ? f ′1|uw, (A130)
where ϑ
(0)
± = ϑ¯
(0)
± =
1
2 . For the dressing of momentum (energy) we choose f = k (f = e), with
k′± = ∓(1− u2)−1/2, u ∈ [−1, 1], (A131)
k′1|uw(u) = k
′
+(u+ iu) + k
′
−(u− iu), u ∈ R. (A132)
In the high-temperature limit, the dressed values of particles’ spins m
dr(0)
s|w (h, µ) and charges n
dr(0)
a|uw(h, µ) are com-
puted from the logarithmic derivatives of the Y -functions,
m
dr(0)
s|w (h) = ∂2h log Y
(0)
s|w(h) =
∂hχs(h)
χs(h)− 1/χs(h) , m
dr(0)
y (h) = ∂2h log Y
(0)
y (h, µ), (A133)
n
dr(0)
a|uw(µ) = ∂2µ log Y
(0)
a|uw(µ) =
∂µχa(µ)
χa(µ)− 1/χa(µ) , n
dr(0)
y (µ) = ∂2µ log Y
(0)
y (h, µ). (A134)
Notice also m
dr(0)
a|uw = 0 and n
dr(0)
s|w = 0. An alternative route to compute the non-vanishing dressed spin and charge is
to solve the following homogeneous dressing transformation,
C
(0)
s,s′ ? m
dr(0)
s′|w = 0, lims→∞m
dr(0)
s|w = 2s, (A135)
mdr(0)y − 12 (ϑ¯(0)1|uwmdr(0)1|uw − ϑ¯(0)1|wmdr(0)1|w ) = 0, (A136)
and similarly
C
(0)
a,a′ ? n
dr(0)
a′|uw = 0, lima→∞n
dr(0)
a|uw = 2a, (A137)
ndr(0)y − 12 (ϑ¯(0)1|uwndr(0)1|uw − ϑ¯(0)1|wndr(0)1|w ) = 0, (A138)
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whence we conclude
n
dr(0)
± =
1
2ϑ
(0)
1|uwn
dr(0)
1|uw , m
dr(0)
± = − 12ϑ(0)1|uwmdr(0)1|uw . (A139)
In particular, in the vicinity of the half-filled charge and spin sectors h = 0 and µ = 0 we find
m
dr(0)
s|w (h) ∼
1
3
(s+ 1)2h+O(h3), mdr(0)y (h) ∼ −
1
2
h+O(h3), (A140)
n
dr(0)
s|w (µ) ∼
1
3
(a+ 1)2µ+O(µ3), ndr(0)y (µ) ∼
1
2
µ+O(µ3). (A141)
The derivatives of the dressed energies and momenta are computed from Eqs. (A130). Indeed, the structure of the
recurrence relations in the spin and charge wings of the fat hook take same form as in the previously studied isotropic
Heisenberg model, from where we readily obtain the expressions for the s|w-strings and the a|uw-stacks
F
(0)
a|uw =
a+ 1
4
(
fa|uw
a
− fa+2|uw
a+ 2
)
, F
(0)
s|w = −
s+ 1
4
(
fs|w
s
− fs+2|w
s+ 2
)
. (A142)
Functions F
(0)
A are interpreted as the derivatives of the dressed dressed momenta p
′(0)
A or the derivatives of the dressed
energy ε
′(0)
A , depending whether the sources are chosen as f
′
A ← k′A or f ′A ← e′A, respectively. Taking into account
that ϑ¯
(0)
1|uwf
′(0)
1|uw − ϑ¯(0)1|wf ′(0)1|w = 32f ′(0)1|uw, the remaining equation for the y-particles simplifies to
F
′(0)
± − s ? 32F ′(0)1|uw = f ′± − s ? f ′1|uw. (A143)
Taking the sum and the difference and, using f ′+ = −f ′−, we find
F
′(0)
+ − F ′(0)+ = f ′+ − f ′−, F ′(0)+ + F ′(0)+ = f ′2|uw. (A144)
s
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FIG. 3. Thermodynamic particle content for (a) the Fermi–Hubbard model and (b) the SU(2|2)-symmetric chain of fundamental
particles with respect to the non-distinguished vacuum
⊗−⊙−⊗. For (a), (1, 1) and (2, 2) are associated with the two-branched
y-particle, while in (b) these separate into two distinct excitations which are ascribed the z±-roots. Particles in the horizontal
wing, sitting on nodes (1, s+ 1) with s ∈ N, are s-strings of w-roots for both (a) and (b). Particles in the vertical wing, sitting
on nodes (a + 1, 1) with a ∈ N, are (a) uw-stacks composed of both the y-roots and w-roots or in (b) z+wz−-stacks made of
a+ 1 z+-roots, a w-roots and a− 1 z−-roots.
SU(2|2) integrable fermionic chain
The su(2|2)-invariant model, also known as the EKS model introduced in [70], is arguably the simplest interacting
integrable model of spin-full fermions on a one-dimensional lattice. While the model exhibits certain structural
similarities to the Fermi–Hubbard model, there are some important differences to notice. Both models in fact arise
as certain degenerate limits of a more general integrable model of spin-full lattice fermions with correlated hopping
called the Hubbard–Shastry model [73]. It will be thus convenient to characterize the spectrum with respect to the
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non-distinguished vacuum, corresponding to the following grading of local Hilbert space configurations, |1| = |4| = 0
and |2| = |3| = 0, depicted by the following the Kac–Dynkin diagram
⊗
−−
⊙
−−
⊗
: K =
 0 −1 0−1 2 −1
0 −1 0
 . (A145)
The Bethe roots assigned to the nodes of the Kac–Dynkin diagram are labelled by z+,j , wj and z−,j when moving
from the left to the right.
A short remark on the notation is in order here. The EKS model can be obtained from the Fermi–Hubbard model
in the scaling limit of large Coulomb repulsion u → 0, causing the rapidity domain of the two-branched y-particle
which lies along the branch cut [−1, 1] opening up to the whole real line and splitting into two distinct particles
species whose roots are denoted by z+ and z−. Notice that such a limiting procedure requires simultaneous rescaling
the rapidity variable to u/u which recovers the standard parametrization of the elementary scattering kernels KAB(u)
from Eq. (A18). Likewise, the model can be understood as a weak-coupling limit of a more general Hubbard–Shastry
models [73].
The bare energies and momenta of fermionic excitations become [73]
e+(u) = −2 cos p+(u)− 2 = −4piK1, e−(u) = −2 cos p−(u)− 2 = 0, (A146)
p+(z+) =
z+ + i
z+ − i , p− = pi. (A147)
This signifies that z+ are the only momentum-carrying roots while z− cease to be dynamical.
As a consequence of the decoupling of the y-roots, the Bethe Ansatz equations now involve two nested levels
(assuming L to be even)
eip+,kL =
Nw∏
j=1
S−11 (z+,k, wj) , (A148)
−1 =
Nw∏
j=1
S−12 (wk, wj)
∏
α∈±
N±∏
j=1
S1 (wk, z±,j) , (A149)
eip−,kL = (−1)L =
N−∏
j=1
S−11 (z−,k, wj), (A150)
compatible with the fact that the rank of su(2|2) equals three. The scattering amplitudes are of the standard rational
form, cf. Eq. (A5). Eigenstates are uniquely parametrized in terms of N± roots of type z± and Nw w-roots. The
z+-roots are rapidities parametrizing bare momenta of electrons which occupy empty lattice sites. A key difference
with respect to the Fermi–Hubbard model is that instead of a single conservation of electrons Ny we have two
independent conserved U(1) charges Nˆ+ and Nˆ−. The third conservation law is indeed the Hubbard interaction Vˆ H
which corresponds to conservation of doubly-occupied sites. Notice also that to obtain configurations with doubly-
occupied sites, all three types of roots need to be combined: one begins by exciting singly occupied sites by adding
z+ z−-roots, then by adding w-roots for a subset of them one can lower their spin, and finally, a subset of sites with
spin-down electrons one can add z+-roots to add the spin-up electrons.
The thermodynamic particle content of the su(2|2) chain with respect to the non-distinguished vacuum state⊗−−⊙−−⊗ consists of
• the a|z+wz−-stacks (with a = 1, 2, . . .) representing bound state compounds made of a+ 1 z+ roots, a w-roots
and a− 1 z− roots,
• the auxiliary non-dynamical s|w-strings (s = 1, 2, . . .) representing bound state of s second-level w-roots, with
densities ρs|uw,
• the z± roots, corresponding to two independent unbound fermionic excitations, with z+ being corresponding to
physical momentum-carrying electronic excitations and z− being the third-level auxiliary real Bethe roots.
The rapidity derivatives of the bare momenta and energies for the momentum-carrying particles are
p′+(u) = −2piK1(u), e+(u) = −4piK1(u), (A151)
p′a|z+wz−(u) = −2piKa+1(u), ea|z+wz−(u) = −4piKa+1(u) (A152)
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For the non-dynamical particles we obviously have p′s|w = 0 and p
′
− = 0.
The particles are charged under three Cartan charges, involving two independent bosonic U(1) global charges Sˆz,
ηˆz (coupling to chemical potentials 2h and 2µ, respectively) associated with the spin and charge global generators
of the two distinct su(2) sectors, and an additional fermionic U(1) charge Vˆ H which couples to chemical potential u
(contributing a constant shift to particles’ bare dispersions). The values of bare charges are
ma|z+wz− = 0, ms|w = −1, m± = 12 , (A153)
na|z+wz− = 1, ns|w = 0, n± =
1
2 , (A154)
nHa|z+wz− = 1, n
H
s|w = 0, n
H
± = ∓ 12 . (A155)
The high-temperature limit of the free energy density, limβ→0 f2|2(β;h, µ, u), thus reads
f
(0)
2|2 (h, µ, u) =
∑
α∈±
(−h− µ∓ 2u) ? ρ± + (−2aµ− 4u) ? ρa|z+wz− + 2h s ? ρs|w. (A156)
The quasi-local TBA equations read
log Y± = ν± + s ? log
1 + Y1|uw
1 + Y1|w
, (A157)
log Ya|z+wz− = νa|uw + Ia,a′s ? log(1 + Ya′|uw) + δa,1s ? log
1 + Y+
1 + Y−
, (A158)
log Ys|w = νs|w + Is,s′s ? log(1 + Ys′|uw) + δs,1s ? log
1 + 1/Y+
1 + 1/Y−
, (A159)
with source terms
ν+(u) = β
(
e+(u)− s ? e1|uw(u)
)
, ν−(u) = β
(
e−(u)− s ? e1|uw(u)
)
+ 4u, νa|z+wz− = νs|w = 0, (A160)
and asymptotics
lim
a→∞ log Ya|z+wz− = −2µa, lims→∞ log Ys|w = 2h s. (A161)
Let us stress that parameter u, associated to the Hubbard charge Vˆ H, does not enter via the asymptotics, but instead
explicitly appears in the equation for the distinguished corner node (2, 2). Equations (A160) take the standard Y -
system format upon performing subtable particle-hole transformations along the vertical wing of the fat hook, namely
Y1,1 ≡ Y −1+ , Y2,2 ≡ Y−, Ya+1,1 ≡ Y −1a|uw, Y1,s+1 ≡ Ys|w. (A162)
In the high-temperature limit the quasi-local TBA equations take the form of coupled algebraic equations
[
Y
(0)
+
]2
=
[
e−4uY (0)−
]2
=
1 + Y
(0)
1|uw
1 + Y
(0)
1|w
, (A163)
[
Y
(0)
a|z+wz−
]2
=
(
1 + Y
(0)
a−1|uw
)(
1 + Y
(0)
a+1|uw
)(1 + 1/Y (0)+
1 + 1/Y
(0)
−
)δa,1
, (A164)
[
Y
(0)
s|w
]2
= (1 + Y
(0)
s−1|w)(1 + Y
(0)
s+1|w)
(
1 + Y
(0)
+
1 + Y
(0)
−
)δs,1
. (A165)
The solution to these equations will once again be given in terms of χ-functions. For the horizontal (spin) and vertical
(charge) wings we find
χ1,s≥2(h, µ, u) =
(
eµ + e−µ
) sinh (s h)
sinhh
+ e−2u
sinh ((s− 1)h)
sinhh
+ e2u
sinh ((s+ 1)h)
sinhh
, (A166)
χa≥2,1(h, µ, u) = T1,a(µ, h,−u). (A167)
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We have adopted a convenient symmetric gauge-fixing condition, given by χ0,s = χa,0 = 1 (a ≥ 0 and s ∈ Z) for the
exterior boundary, and
χ2,s≥3(h, µ, u) = χa≥3,2(h, µ, u) = 4
(
2 cosh (h) cosh (µ) cosh (2u) + cosh2 (h) + cosh2 (µ) + sinh2 (2u)
)
, (A168)
for the χ-functions assigned to the interior boundary of the fat hook. Such a gauge choice render the particle-hole
symmetry between the spin and charge wings manifest, but it comes with a price since it force us to define two
independent χ-functions at the corner node
χ→2,2(h, µ, u) = χ
↑
2,2(µ, h,−u). (A169)
This is permissible as all the χ-functions are uniquely and unambiguously fixed by the requirement that the classical
Hirota bilinear relations hold in the respective wings. Nothing in principle prevents us defining a unique corner
χ-function, but doing this seems less natural as it generates asymmetry between the wings. At any rate, it is the
Y -functions which are gauge-invariant object and thus have a physical meaning.
The character at the fundamental node is the logarithm of the free energy density f
(0)
2|2 = − logχ1,1(h, µ, u), with
χ1,1(h, µ, u) = e
u(eh + e−h) + e−u(eµ + e−µ). (A170)
The dressing transformation in the high-temperature limit has the same structure as previously in the Hubbard
model. In the present convention, it reads explicitly
F± − s ?
(
ϑ¯
(0)
1|z+wz−F1|z+wz− − ϑ¯
(0)
1|wF1|w
)
= f± − s ? f1|z+wz− , (A171)
Fs|w − s ? Is,s′ ϑ¯(0)s′|wFs′|w − δs,1
(
ϑ
(0)
− F− − ϑ(0)+ F+
)
= 0, (A172)
Fs|z+wz− − s ? Is,s′ ϑ¯(0)s′|z+wz−Fs′|z+wz− + δa,1
(
ϑ¯
(0)
− F− − ϑ¯(0)+ F+
)
= 0. (A173)
Recall that there is an implicit dependence on all three U(1) chemical potentials entering via the mode occupation
functions.
As usual, we now inspect the properties of the dressed U(1) charges in the high-temperature limit. The dressed
spin and charge in the vicinity of the half-filled spin and charge sector respectively read,
m
dr(0)
s|w (h, µ, u) ∼ ζ(m)s (µ, u)h+O(h3), mdr(0)a|uw(h, µ, u) ∼ ζ(m)a (µ, u)h+O(h3). (A174)
and
n
dr(0)
s|w (h, µ, u) ∼ ζ(n)s (h, u)µ+O(µ3), ndr(0)a|uw(h, µ, u) ∼ ζ(n)a (h, u)µ+O(µ3). (A175)
One key difference compare to the Hubbard model worth pointing out is that now the dressed spin (resp. charge)
for any finite values of u in the half-filled spin (resp. charge) sector depends explicitly on the other two chemical
potentials, namely µ (resp. h) and u. This can be understood from the fact that the third-level (non-dynamical)
Bethe roots u
(3)
j ≡ z−,j participate in the formation of doubly occupied lattice sites. In fact, since finite u induces
imbalance between Sz-spin and ηz-spin, the dressed spin and charges satisfy the following symmetry relations
m
dr(0)
s|w (h, µ, u) = n
dr(0)
a|z+wz−(µ, h,−u), m
dr(0)
a|z+wz−(h, µ, u) = n
dr(0)
s|w (µ, h,−u), (A176)
upon interchanging spin with charge s ↔ a and flipping the sign of u, u → −u. It is thus sufficient to examine the
behaviour close the half-filled spin sector. We are not interested in the most general solution but mostly in the large-s
behavior. To this end it is useful to introduce the following ratios of the χ-functions in the horizontal and vertical
wings, namely
g→s≥1 =
χ1,s+1
χ0,s+1χ2,s+1
, g↑a≥1 =
χa+1,1
χa+1,0χa+1,2
. (A177)
The high-temperature limit of the dressed spin read
mdr(0)s (h, µ, u) =
∂hgs(µ, u)
gs(µ, u)− 1/gs(µ, u) . (A178)
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SU(2|1) spin chain (SUSY t–J model)
The Hamiltonian of the t–J model expressed in terms of spin-full electrons takes the following form
Hˆt−J = Pˆ
[
− t
∑
j,σ
cˆ†j,σ cˆj+1,σ + cˆ
†
j+1,σ cˆj,σ
]
Pˆ + J
∑
j
(
~ˆSj · ~ˆSj+1 − 14 nˆj nˆj+1
)
, (A179)
where Pˆ =
∏L
j=1(1 − nˆj↓nˆj↑) has been used project out configurations with doubly occupied sites. The model
becomes integrable at the ‘supersymmetric point’ J = 2t, where Hˆt−J becomes proportional to the SU(2|1)-symmetric
Hamiltonian Hˆ2|1. The SUSY t–J model can also be retrieved from the large-repulsion u→∞ limit of the Hubbard
model. The model can be understood as an extension of the su(2) Heisenberg chain by introducing vacant sites and
treat them as the electron holes (i.e. fermions).
We find it most convenient to formulate the problem in the distinguished grading |0| = |1| = 0 and |2| = 1,
corresponding to the diagram ⊙
−−
⊗
: K =
(
2 −1
−1 0
)
. (A180)
The vacuum state here is a completely polarized (ferromagnetic) state. The primary (physical) excitations are
momentum-carrying spin-down magnonic excitations which form bound states, described by the primary Bethe roots
u
(1)
j . The bare momentum of an elementary is
k(u
(1)
j ) = i logS1
(
u
(1)
j
)
. (A181)
In addition, we have an extra specie of fermionic excitations corresponding to vacancies (i.e. holes) of electrons,
described by the second-level (auxiliary) rapidities u
(2)
α . The latter do not carry momenta and energy. The Bethe
equations with respect to the ferromagnetic background take the form
eik(u
(1)
j )L
N1∏
k=1
S2
(
u
(1)
j , u
(2)
k
) N2∏
l=1
S−11
(
u
(1)
j , u
(2)
l
)
= −1, (A182)
N1∏
j=1
S1
(
u
(2)
l , u
(1)
j
)
= 1. (A183)
The number primary Bethe roots u
(1)
j ∈ C is N1, while the number of real charge rapidities u(2)α is N2. The number
of roots obey the following inequalities
N2 ≤ N1, N1 ≤ 1
2
(L+N2) ≤ L. (A184)
Here N1 = Nh +N↓ is the number of hole plus spin-down excitations and N2 = Nh = N1 −N↓ is the total number of
electron charge holes. The total spin and electron charge are Sz = 12 (N↑−N↓) = 12 (L−2N1 +N2) (N↑ = L−Nh−N↓)
and Ne = N↑ + N↓ respectively. The U(1) chemical potentials which couple to total spin Sˆz and number of holes
Nˆh = 1− Nˆe are denoted by 2h and µ, respectively. The electron filling fraction is αc = Ne/(Ne +Nh) = 1−Nh/L.
The total energy of a state is the sum of all spin-down excitations E '∑N1j=1 2piK1(u(1)j ).
To reconcile the notation of the one used above, we relabel the Bethe roots as u
(1)
j → uj ∈ C and u(2)l → wl ∈ R.
The former represent charge-less bound spin excitations carrying bare spin
ms = −s, ns = 0, (A185)
which form the standard s-strings with real centres
u
(s)
j,k = u
(s)
j +
i
2 (s+ 1− 2k), k = 1 ∼ s, (A186)
while the fermionic roots wl correspond to electron holes which do not form bound states. The total number of
primary Bethe roots is the number of spin-down excitations, N1 =
∑∞
s=1 sNs. Adding an electron hole amounts to
remove a spin-up electron excitation and hence
m⊗ = − 12 , n⊗ = −1. (A187)
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FIG. 4. Thermodynamic particle content for the SU(2|1) fundamental spin chain (SUSY integrable t–J model) with respect to
the distinguished bare vacuum
⊙−−⊗. The momentum-carrying particles are bosonic s-strings attached to nodes (1, s), s ∈ N.
The corner node (2, 1) is assigned an auxiliary fermionic excitation representing electron vacancies.
Introducing rapidity distributions ρ⊗ and ρs, the canonical TBA equations take the form
log Ys = µs −Ks ? log(1 + Y −1⊗ ) +Ks,s′ ? log(1 + Y −1s′ ), (A188)
log Y⊗ = µ⊗ −Ks ? log(1 + Y −1s ), (A189)
with chemical potentials
µ◦|s = −β e◦|s + 2h s, µ⊗ = µ+ h, (A190)
where es = 2piKs are the bare energies of s-strings.
It is instructive to remark that Eqs. (A189) are just a particular singular reduction of the su(2|2) canonical TBA
equations written for e.g. the distinguished (ferromagnetic) vacuum
⊙−−⊗−−⊙. Such a reduction is realized
by freezing appropriate charge degrees of freedom in order to prohibit double occupancies while still allowing
empty sites. Specifically, this amounts to remove the third-level Bethe roots responsible for the doubly-occupied
configurations, accompanied by decoupling the following subset of the Y -functions, Ya,1 → 0, for a ≥ 3, and Y2,2 →∞.
Below we outline how to transform the canonical TBA equations for the su(2|1) chain to the quasi-local form. The
starting point are the quasi-local TBA equations of the su(2|2) chain, which in the limit described above become
log Y1,s = ν1,s − δs,1s ? log(1 + 1/Y2,1) + Is,s′s ? log(1 + Y1,s′), (A191)
log Y2,1 = ν2,1 −K1 ? log(1 + Y1,1)−K2 ? log(1 + Y2,1), (A192)
supplemented with large-s asymptotics
lim
s→∞ log Y1,s(h, µ) = 2h s. (A193)
These equations are equivalent to those presented previously in ref. [71], which can be readily confirmed by first
convolving with respect to s and subsequently deconvolving with respect to K1,
log Ys = νs + Is,s′s ? log(1 + Ys′)− δs,1s ? log(1 + 1/Y⊗), (A194)
log Y⊗ = ν⊗ − s ? log(1 + Y1)− K˜ ? log(1 + 1/Y⊗), (A195)
with
ˆ˜
K(κ) = e−|k|(1 + e−|k|)−1. The source terms are of the form
νs = −β δs,1s, ν⊗ = −β(s ? e1) + µ. (A196)
The high-temperature dressing transformation takes the form
Fs − s ? Is,s′ ϑ¯(0)s′ Fs′ − δs,1s ? ϑ(0)⊗ F⊗ = −δs,1s, (A197)
F⊗ + s ? ϑ¯
(0)
1 F1 − K˜ ? ϑ(0)⊗ F⊗ = −s ? K1. (A198)
We proceed by analysing the dressed spin and charge and their dependence on the grand-canonical chemical po-
tentials. In the high-temperature limit β → 0 the Y -functions become constant and Eqs. (A195) turns into a set of
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algebraic relations
[
Y (0)s
]2
=
(1 + Y
(0)
s−1)(1 + Y
(0)
s+1)
(1 + 1/Y
(0)
⊗ )δs,1
, (A199)
[
e−µY (0)⊗
]2
=
1
(1 + 1/Y
(0)
⊗ )(1 + Y
(0)
1 )
. (A200)
These take the standard form of the Y -system functional relations by identifying Ys ≡ Y1,s and Y⊗ ≡ Y2,1. The self-
coupling term in the last equation for the exceptional corner node is the remainder of the collapsed vertical wing of the
su(2|2) spectrum which leaves behind explicit dependence on the charge chemical potential µ. This is reminiscent of
the spin chemical potential entering explicitly in the truncated spectrum of the gapless regime of the XXZ Heisenberg
model which was due to the root-of-unity restriction.
The solution to Eqs. (A200) is
Ys(h, µ) =
(
e−(s+1)h+Φ − e(s+1)h+Φ
e−h − eh
)2
− 1, Y⊗(h, µ) = e
−µ
e−h + eh + eµ
, (A201)
with
Φ(h, µ) =
1
2
log
(
1 + e−h+µ
1 + eh+µ
)
. (A202)
The high-temperature limit of the grand canonical free energy density f
(0)
2|1 = f
(0)
2|1 (h, µ) is defined as
f
(0)
2|1 (h, µ) = − limL→∞
1
L
log Tr exp
(
2h Sˆz + µ Nˆh
)
. (A203)
In terms of the Y -functions we have
f
(0)
2|1 (h, µ) = − 12 log
[(
1 + Y
(0)
◦|1 (h, µ)
)(
1 + 1/Y
(0)
⊗ (h, µ)
)]
= − logχ1,1(h, µ), (A204)
with the fundamental χ-function reading
χ
(0)
1,1(h, µ) = e
h + e−h + eµ. (A205)
By imposing boundary conditions χ0,s = 1 and χa≥0,0 = 1, together with χ
(0)
1,1 and χ
(0)
2,1 determined from 1 + Y
(0)
1,1 =
[χ
(0)
1,1]
2/χ
(0)
2,1, we unique fix all χ
(0)
a,s on the (a, s)-lattice. Specifically, the infinite tower of symmetric characters χ1,s for
s ≥ 1 can be calculated recursively
χ
(0)
1,s+1(h, µ) = (e
h + e−h)χ(0)1,s(h, µ)− χ(0)1,s−1(h, µ). (A206)
In the high-temperature limit, the dressed spin and charge are calculated as
mdr(0)s (h, µ) = ∂2h log Y
(0)
s (h, µ), n
dr(0)
s (h, µ) = ∂µ log Y
(0)
s (h, µ). (A207)
The dressed values of particles’ spin can likewise be obtained from the following rapidity-independent recurrence
relation
mdr(0)s − 12Is,s′ ϑ¯(0)s′ mdr(0)s′ = 0, lims→∞m
dr(0)
s = s. (A208)
We subsequently specialize our attention to the half-filled spin sector. In the vicinity of the half-filled spin sector
h = 0, Sz(h, µ) = ∂2hf
(0)
gc (h, µ) (with limh→0 Sz(h, µ) = 0 and limh→±∞ Sz(h, µ) = ± 12 , irrespective of µ) we have
mdr(0)s (h, µ) =
h
6
(
6
(eµ + 1)2
− 6
eµ + 1
+ 2s2 +
s(2s− 1)
eµ(s+ 1)− s +
(s+ 2)(2s+ 3)
eµ(s+ 1) + s+ 2
)
+O(h3), (A209)
m
dr(0)
⊗ (h, µ) = −
h
eµ + 2
+ +O(h3). (A210)
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For µ = 0 these expressions further simplify to
mdr(0)s (h, 0) ∼ h12 (2s+ 1)2 +O(h3), mdr(0)⊗ (h, 0) ∼ −h3 +O(h3). (A211)
The vanishing of the dressed spin at half filling (irrespectively of the chemical potential µ) is actually implied by the
bosonic symmetry, realized by performing the spin-reversal transformation on the bosonic states. The electron charge
transport behaves quite differently however. Let us examine the dressed charge in the high-temperature limit, given
by
ndr(0)s (h, µ) = ∂µ log Ys(h, µ), n
dr(0)
⊗ (h, µ) = ∂µ log Ys(h, µ) = −
e−h + eh + 2eµ
e−h + eh + eµ
. (A212)
For instance, the hole excitations propagating in the half-filled spin background carry finite dressed charges
lim
h→0
ndr(0)s (h, µ) = −
2eµ(s(eµ + 1) + 1)
(eµ+1)(eµ(s− 1) + s)(eµ(s+ 1) + s+ 2) , limh→0n
dr(0)
⊗ (h, µ) = −
2(eµ + 1)
eµ + 2
. (A213)
The spin degrees of freedom can be excited independently of hole excitations. The addition of a hole implies removing
a spin-up electron from the state. Notice moreover that Nh(h, µ) = −∂µf (0)2|1 (h, µ) and hence the vanishing chemical
potential corresponds to the third-filling Nh(0, 0) =
1
3 (for µ → −∞ we have Nh = 0). Hence, imposing the filling
fraction αc = limL→∞Nc/L (0 ≤ αc ≤ 1) for arbitrary value of h requires to adjust µ in accordance with
eµ =
e−hαc + ehαc
1− αc . (A214)
In particular, for the half-filled charge sector αc =
1
2 this means e
µ = e−h + eh.
The high-temperature mode occupation functions in the half-filled spin sector (h = 0) and the third-filled charge
sector µ = 0 are
lim
µ→0
lim
h→0
ϑ(0)s (h, µ) =
4
(2s+ 1)2
, (A215)
lim
µ→0
lim
h→0
ϑ
(0)
⊗ (h, µ) =
3
4
. (A216)
The s-string bound state corresponds to atypical (short) irreducible su(2|1) representations which are of dimension
d1,s = limG→1 χ1,s(G) = 2s+ 1. The solution to the dressing equation (A198) in the limit µ→ 0 and h→ 0 reads
Fs =
2s+ 1
3
(
Ks
2s− 1 −
Ks+2
2s+ 3
)
, F⊗ =
4
9
K2. (A217)
The conclusion of above analysis is that for all finite values of the charge chemical potential µ, the dressed charges
n
dr(0)
s and n
dr(0)
⊗ always remain positive definite quantities. Near the half-filled spin sector h→ 0 and the third-filled
charge sector µ→ 0, the dressed electron charges read explicitly
lim
h→0
ndr(0)s (h, µ) ∼
2s+ 1
(2s− 1)(2s+ 3) −
4s2 + 4s+ 5
2(2s− 1)2(2s+ 3)2µ+O(µ
2), (A218)
lim
h→0
n
dr(0)
⊗ (h, µ) ∼
4
3
− 2
9
µ+O(µ2). (A219)
Appendix B: Lower bound on diffusion constants
In this section we re-derive a relation between the linear-response diffusion constants and the corresponding Drude
weights, originally presented ref. [42]. We consider the linear transport the conserved U(1) charges
Qˆ =
L/2−1∑
x=−L/2
qˆx, (B1)
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Below we derive an explicit lower bound on the charge diffusion constant D. For simplicity we first specialize to
the infinite-temperature Gibbs equilibrium, and assume that the local charge density q has d distinct eigenvalues
q ∈ {−(d− 1)/2, . . . , (d− 1)/2} of the same multiplicity.
We consider a lattice of length L, with an initial state described by the following density matrix
%ˆ(β, δh) = Z−1(β, δh) exp
−βHˆ + βδh L/2−1∑
x=−L/2
x qˆx
 , (B2)
with Z(β, δh) = Tr %ˆ(β, δh). Our aim is to compute the linear-response DC conductivity σ(β), which we define as the
induced current density jˆ
(q)
0 (t) in the limit of vanishing bias δh,
σ(q)(β) = lim
t→∞ limL→∞
lim
δh→0
1
δh
〈
jˆ
(q)
0 (t)
〉
β,δh
. (B3)
Here the time propagation is governed by the Hamiltonian Hˆ =
∑
x hˆx, and the expectation value of the current is〈
jˆ
(q)
0 (t)
〉
β,δh
≡ Tr
(
jˆ
(q)
0 (t)%ˆ(β, δh)
)
. (B4)
By resorting to the Lieb-Robinson theorem, any local perturbation on a lattice with bounded finite-range interactions
hˆ propagates with a finite maximal velocity denoted by vLR. This permits to write Eq. (B3) as a single scaling limit
t→∞, provided the system size is scaled in accordance with the Lieb-Robinson velocity L = 2vLRt, yielding
σ(q)(β) = lim
t→∞ limδh→0
1
δh
〈
jˆ
(q)
0 (t)
〉
β,δh
. (B5)
The average value of the current density
〈
jˆ0(t)
〉
β,δh
(see Eq. (B4)) can be written as a sum of averages
〈
jˆ0(t)
〉
β,δh,q
over sectors with a fixed value of the charge density q,
q =
2 〈qˆ〉q
d− 1 ∈ [−1, 1]. (B6)
The DC conductivity σ(q) is accordingly decomposed as a discrete sum over the charge sectors,
σ(q)(β) = lim
t→∞ limδh→0
1
δh
1∑
q=−1
P (q, 2 vLRt)
〈
jˆ0(t)
〉
β,δh,q
, (B7)
with a step size
∆q =
2
(d− 1)L. (B8)
Here P (q, L) denotes the unbiased probability of finding a state with charge density q in a system of the length L.
For large times t→∞ we first expand the current in q-sector as [15]
lim
δh→0
1
δh
〈
jˆ0(t)
〉
β,δh,q
= 2D(q)(q)t+D(q)v (q) +O(t−1), (B9)
where D(q)(q) is the finite-temperature Drude weight, and D(q)v (q) denotes the leading O(t0) sub-ballistic correction
which is assumed to be positive, cf. refs. [42, 67]. This term will be subsequently disregarded. Furthermore, in
the high-temperature limit β → 0, the probability factor P (q, 2vLRt) can be approximated by with the Gaussian
distribution by neglecting the contributions from the sectors which become suppressed in the large-t limit [42]
P (q, L) ≈
√
6
(d2 − 1)piL exp
(
−3(d− 1)
2(d+ 1)
q2L
)
. (B10)
Replacing the system size L with the Lieb-Robinson cone yields
σ(q) ≥ lim
t→∞
∑
q
√
3
(d2 − 1)pivLRt exp
(
−3(d− 1)vLRt
(d+ 1)
q2
)
D(q)(q) t. (B11)
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Taking the t→∞ limit and converting the sum in Eq. (B11) to an integral, we find
σ(q) ≥ 1
6 vLR
d+ 1
d− 1∂
2
q D(q)(q). (B12)
Using Einstein relation D(q) = σ(q)/χ, where χ denotes the static spin susceptibility, we obtain the following lower
bound
D(q) ≥ 2
β(d− 1)2 vLR ∂
2
qD(q)(q). (B13)
In the infinite temperature limit, the scaled static susceptibility χ˜ = limβ→0(χ/β) reads
χ˜ =
1
12
(
d2 − 1) . (B14)
The derivative with respect to the chemical potential h can be expressed as
D(q) ≥
(
∂q
∂h
)−2
2
β(d− 1)2 vLR ∂
2
hD(q)(h) =
18
β(d2 − 1)2 vLR ∂
2
hD(q)(h), (B15)
where we have taken into account the relation
q =
1
d− 1 (d coth (d h)− coth (h)) . (B16)
The logic of the above derivation generalizes to finite temperatures by taking into account a temperature-dependent
Gaussian approximation of the probability distribution P (q, L) in the vicinity of the half filling,∑
x exp(−βEx,h)∑
x,h′ exp(−βEx,h′)
≈ exp (−f(β)h2 L) . (B17)
The finite temperature bound thus reads
D(q)(β) ≥
∂2hD(q)(β, h)
∣∣∣
h=0
4χ(β)f(β)vLR
. (B18)
Finally, we established the connection between the static susceptibility χ(β) and function f(β). In order to achieve
this, we need to related the average (B17) with the grand-canonical average with respect to %ˆ(β, h) ' exp(−βHˆ+2h Qˆ).
In the Gaussian approximation we have
Tr(%ˆ(β, h))
Tr(%ˆ(β, 0))
≈ exp
(
−β
2
χ(β)(2h)2L
)
, (B19)
implying
f(β) = 2βχ(β). (B20)
